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^ ' 1. Introduction 

c5 ■ 

Let T := M/(27rZ). In this paper we consider the energy-critical defocusing equation 

[idt + A^)u = u\u\^ (1.1) 

in the semiperiodic setting a; G M x T^. Suitable solutions on a time interval / of (11. ip 
satisfy mass and energy conservation, in the sense that the functions 

M{u){t):= f \u{t)\^dx, E{u){t):=]-f \Vu{t)\^ dx + \ I \u{t)\'^ dx, 

(1.2) 

are constant on the interval J. Our main theorem concerns global well-posedness in 
i7^(M X T^) for the initial- value problem associated to the equation (ll.ip . 
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Theorem 1.1. (Main theorem) If (p & H^(R x T'^) then there exists a unique global 
solution u G X^(]R) of the initial-value problem 

{idt + A)u = ulul"^ , u{0) = (f). (1.3) 

In addition, the mapping — )■ u extends to a continuous mapping from H^{W x T'^) to 
X^{[—T,T]) for any T G [0, oo), and the quantities M{u) and E{u) defined in (11 ■2p are 
conserved along the flow. 

The uniqueness spaces X^{I) C{I : H^{M. x T'^)) in the theorem above are defined 
precisely in section [2l These spaces were aheady defined and used by Herr-Tataru- 
Tzvetkov [12] and [13]. 

The large-data theory of critical and subcritical semilinear Schrodinger equations is 
well understood in Euclidean spaces, at least in the defocusing case, see for example 
O [221 El [ini El ESI 125- ^^e also [HI I2D| for previous results about the wave equation. Our 
proof of Theorem 11.11 uses, as a black box, the global well-posedness and scattering of 
nonlinear solutions with bounded energy in the Euclidean case, the main theorem in [TU] . 

On the other hand, the theory of Schrodinger equations on general compact manifolds 
and spaces with smaller volume is much less understood, even in the defocusing subcritical 
case, see for example [21lll[5l[8lEIlE21E3lEll[2I]- With the exception of the recent 
theorem in [H] , the results in these papers do not address the case of large-data critical 
problems. 

Theorems similar to Theorem 11.11 can be proved by the same method for the energy- 
critical defocusing NLS on x T^, x T, R x T^, R^ x T. In some of these case£| 
it is possible to also derive global asymptotic information about the solution, i.e. prove 
scattering. We refer to [23] for an example of such result, in the case of small data. 
In our case, scattering cannot hold for the energy-critical equation on R x T^. In fact 
scattering fails even for the cubic equation on R (which corresponds to solutions that do 
not depend on the periodic variables for the cubic NLS on R x T^), where one expects 
modified scattering instead, see [T8] . 

On the other hand, the energy-critical problem appears more complicated in dimensions 
d > 5, at least if one considers solutions on R x T'^"^, due to the lower power in the 
nonlinearity and the relative weakness of the available scale-invariant Strichartz estimates. 
The problem also appears more difficult in the purely periodic case T'^, ci > 4; in this case 
even the small data theory is not known. The purely periodic problem on was recently 
solved by the authors, see [13]. In general, the difficulty of the critical NLS problem on 
R"^ X T" increases if the dimension m + n is increased or if the number m of copies of R 
is decreased. 

In a previous work on the hyperbolic space [15], the authors and G. Staffilani could 
isolate concentration of energy at a point as the only obstruction to global existence and 

""^These cases are easier at the level of small-data results, since the necessary Strichartz estimates can 
be derived by counting arguments, as in [T^ and [13]. In our case, the proof of the Strichartz estimates 
in Proposition 12 . 1 1 seems to require the circle method and some of the bounds in [T. In our case even the 
small-data theory is new. 
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could use Euclidean results from [7] to prevent this phenomenon. Here we consider another 
potential difficulty caused by the geometry, namely the presence of trapped geodesies. 
The significance of our result is that, as long as there is a dispersive direction, global 
wellposedness still prevails, even in the case of large data in 4 dimensions. 
We summarize below the main ingredients in the proof of Theorem 11.11 

(1) Critical stability theory. In section [3] we develop a suitable large-data local well- 
posedness and stability theory of the nonlinear Schrodinger equation (11. 3p . This 
relies on the new Strichartz estimates on R x in Proposition 12. II and the critical 
theory developed in and [13]. 

(2) Profile decompositions. In section [5] we construct certain profiles adapted to our 
geometry, and show how to use these profiles to decompose a bounded sequence 
of functions fk € H^{M. x T'^). In other words, we prove the analogue of Keraani's 
theorem [T7] in M x T'^. A similar construction was used recently by the authors 
in [15]. 

(3) Compactness argument. In section [6] we use induction on energy and mass and a 
compactness argument to prove Theorem 11.11 

This is essentially the standard framework in which large-data critical dispersive problems 
have been analyzed in recent years, starting with the work of Kenig-Merle [16] . 

There are, however, significant difficulties in our semiperiodic setting, mainly caused by 
the presence of a large set of trapped geodesies^ On one hand, the family of scale-invariant 
Strichartz estimates is more limited in our setting than in Euclidean spaces. This leads 
to difficulties in the small-data case, which have been recently resolved by Herr-Tataru- 
Tzvetkov [12], [13] using refined function spaces. On the other hand, some high frequency 
solutions can spend a significant (and unrelated to their frequency) amount of time in a 
small region, thereby interacting for a long time with middle frequency solutions, as is 
manifested by looking at linear solutions of the form 

M(x,t)=e^*^[x(xi)e^'^°^'], fco»l. (1.4) 

This complicates significantly the large-data theory, in particular the construction of 
approximate solutions of the nonlinear flow, since local smoothing type estimates clearly 
fail for such solutions. 

These considerations motivate our choice of working in R x T^. In this semiperiodic 
setting, the set of trapped geodesies is included in a codimension 1 subbundle of the 
tangent space. Because of this we can still recover some amount of dispersion in the 
nonperiodic direction, which is the main ingredient in some of the key estimates such as 
Lemma 12.41 and Lemma 14.31 At the same time, "bad" solutions such as those in (11.41) 
are sufficiently far from saturating the Sobolev inequalityjl which ultimately allows us to 
discard the effect of their interactions. 



This difBculty is specific to Schrodinger evolutions, for which very high frequency solutions propagate 
at very high speeds. 

^This is relevant because of the "critical" nature of our equation. 
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The strategy used here differs from the one used by the authors for in [H] in that 
it gives a more precise construction of the approximate solution and the control on the 
error relies on the fact that the a priori problematic interactions do not modify much the 
location of the spectrum. 

2. Preliminaries 

In this section we summarize our notations and collect several lemmas that are used in 
the rest of the paper. 

We define the Fourier transform on R x as follows 

JRxT3 

where ^ = {C,i,C,2,(,3,^4) G M x Z^. We also note the Fourier inversion formula 

We define the Schrodinger propagator e**^ by 

We now define the Littlewood-Paley projections. We fix r/^ : R — )■ [0, 1] a smooth 
even function with 'rf'{y) = 1 if |?/| < 1 and //^(y) = if \y\ > 2. Let : R"^ — )■ [0, 1], 
V'^iO •= '7^(^i)^'7^('C2)^'7^(^3)^^^(^4)^- We define the Littlewood-Paley projectors P^n and 
Pat for N = 2^ > 1 a. dyadic integer by 

^ (P<^/) (0 := v\^/N) {Ff) (0, e e R X Z^ 

PnI ■=P<Nf -P<N/2f if N>2. 
For any a G (0, 00) we define 

P<a '■= -P/V, P>a '■= Pn- 

Ne2^+,N<a N£2^+,N>a 

We will also consider frequency projections on cubes. For C = [— |, and z G Z"^, we 
define the (sharp) projection on = z + C, Pc^ by 

for Iq^ the characteristic function of C^- 
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Function spaces. The strong spaces are the same as the one used by Herr-Tataru- 
Tzvetkov [nidS]. Namely 



."'llj/2(R,L2) 



V2G 



7.4 



where we refer to [121 US] for a description of the spaces and V^^ and of their properties. 
Note in particular that 

For intervals / C M, we define X^{I) in the usual way as restriction norms, thus 
X\l) := {u E C{I : H^) : := sup [inf{||t;||xi(R) : v\j = u}] < oo}. 

JC/, |J|<1 

The norm controling the inhomogeneous term on an interval / = (a, h) is then defined as 

\\h\\Nii):=\ f e'^'~^^^h{s)ds\ . (2.1) 
We also need a weaker norm 

\Mz(I)= sup ||(y^Ar^||PiV^^(t)||i4(KxT3))^llL4(j). 
JC/,|J|<1 V 

A consequence of Strichartz estimates from Proposition 12.11 below is that 



\u\ 



Z{I) < 



thus Z is indeed a weaker norm. The purpose of this norm is that it is fungible and still 
controls the global evolution, as will be manifest from the local theory in Section [3l 

Definition of solutions. Given an interval / C M, we call u G C(/ : if^(]R x T'^)) a 
strong solution of f 1 1.11) if n G X^{I) and u satisfies that for all t,s E I, 



u{t) = e^(*-^)^M(s) - I / e'(*-*')^ {u{t')\u{t')\^) dt'. 



Dispersive estimates on R x T'^. We first recall the dispersion estimate in 



Using also the unitarity of e**^R'* on L'^iM.'^) one can obtain the Euclidean Strichartz 
estimates. However, in our context, such estimates do not hold. Instead, we obtain the 
following: 
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Proposition 2.1. (Strichartz estimates onR x T'^) Let 

Pi := 18/5. (2.2) 
Then, for any p > pi, N > 1, and / G L^(]R x T^) 

||e**'^PAr/||LP(RxT3x[-l,l]) ^^^"'"''^ || / 1| L2(RxT3) • (2.3) 

We prove this estimate in section [3, using the circle method as in pLj. The scale- invariant 
inequality fl2.3p clearly holds for p = oo; as explained in [13], it is important to prove this 
inequality for some exponent p < 4, which is consistent with the restriction (12. 2p . 

In addition, we will need the following dispersive bound, which is a consequence of the 
estimate dZH]): if t G M and > 1 then 

||e'*^Piv/IUoo(i,xT3) < N'\t\-'/^\\f\\LiiRxj^). (2.4) 
From Proposition 12. we deduce the following lemma 

Lemma 2.2. Let p > pi, then, for any cube C of size N , there holds that 

||^cM||Lp(iRxT3xhi,i]) ~ N'^~'^\\Pcu\\uI(r,l^)- (2.5) 
Additional estimates. We will need the following two Sobolev-type estimates: 
Lemma 2.3. For f e H^(Rx T^), there holds that 



1 

2 1 



L4(RxT3) < (^SUpiV ^||Pjv/||l-(MxT3)J II/II|i(RxT3)- (2-6) 

Proof of Lemma \2.3i Decomposing into different frequencies, ordering these frequencies, 
remarking that the two highest frequencies have to be comparable and estimating the two 
low- frequency terms in L°° and the two high frequency terms in L^, we get. 



4 < 
L4 ~ 



< 



< 



J2 I , \PNjPNjPNjPNj\dx 

LnpN-'WPNfh^) N3N4PmJ\\l4PnJ\\l^ 

SUpAT-iP^/IU^') Y ^l\\PNj\\LA\PN2f\W 



N 



which gives (12. 6p . □ 
Given b G (0, 1) we define the operator P] on L^(]R x T^), 

npim) ■■= ■ (2.7) 



N>1 
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Also, given a function / :MxT^x/— )>Cwe define 



4 

\V'f\{x,t):=\f{x,t)\ + J2\djf{x,t)\. (2. 



Lemma 2.4. Assume ip G iJ^(]R x T^) satisfies 



< 1, sup K-^\PKe''''ij{x)\ < 6, (2.9) 

K>1, |t|<l,xGRxT3 

/or some 5 G (0, 1]. Then, for any R> there is C{R) > 1 such that 

N\\ IV^e^^'^P^Vl ,({(x,t)gIRxT3x[-l,l]:|x-xo|<HAf-Mt-to|<R2Af-2}) < C(i?)5^/"^°° (2-10) 
for any N > 1, any to G M, anc? ani/ G M x T^. 

Proof of Lemma \2.4\ We may assume R = 1 and Xq = 0. It follows from (12. 9p that for 
any K >l and t G [-1, 1] 

||Pi^e**^^|Uoc(i,,Tr3) < 5K, ||Pi^e**^^|U4(i,xT3) < 1, 



therefore, by interpolation, 

||Pi.e^*^^|U8(MxT3) < 

Thus, for any K > 1 and t G [—1, 1] 

|||V^(PKe^*^^)||U8(MxT3)<5^/^i^=^/^ 
which shows that, for any > 1, > 1, and to ^ 11^ 

ATII \V\PKe''^PM llLl,({(.,t)eMxT3x[-l,l]:|.|<^-M*-*o|<^-}) ^ 5^/2^3/2^-3/2_ ^2.11) 

We will prove below that for any > 1 and K > 6~^N 

N\\ \\/\PKe''^Pl^)\ |Ul,({(.,)eMxT3xhi,i]:kl<7v-,Mol<^-}) ^ N'/'i5K)-'/\ (2.12) 

The desired bound fIZTUD follows from fimi) and flZT^ . 

To prove the local smoothing bound (I2.12p it suffices to prove the stronger bound 

sup l|P^e^*^P^VllL^ rT3xR) < (5^)~'/10||l^(Mxt3) (2.13) 



for any G L^(M x T'^), 5 G (0, 1], and A' > 1. In view of the Fourier inversion formula 
it suffices to prove that 



/ m(6,r)e"'' «'e-^*«?e-*l«'l'(l - v'm/{SK)) d^.d^' 

< (5A')"^/^||m||i2(Rx2;3) 



for any m G L^(M x Z^), 6 G (0,1], and AT > 1. This is a direct consequence of the 
Plancherel identity. □ 
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3. Local well-posedness and stability theory 

The purpose of this section is to work out the local theory results that allow us to 
connect nearby intervals of nonlinear evolution. A consequence of Proposition 12.11 and 
[T3| Theorem 1.1] is that the Cauchy problem for (11. ip is locally well-posed. However, 
here we want slightly more precise results. 

We want to control the evolution in terms of the Z-norm. It turns out that it is more 
convenient to consider an intermediate quantity first, 

II II II l|3/4 II ||l/4 

\\u\\z'{i) ■■- 

Lemma 3.1. Assuming \I\ < 1, PN..Ui = Ui and Ni > N2, there holds that 

f N2 1 V 

IIM1M2IIL2 t(IRxT3x7) ^ ( ^ + ^ 1 ||Ml||yoa)ll"2||z'(/) (3.1) 

for some k > 0. 

Proof of Lemma For any cube C centered at ,^0 ^ and of size N2 , using Strichartz 
estimates we find that 

\\{PcUi)U2\\l-^{Rx1^xI) ^ ||-Pc'"i||l4(RxT3x/)||'"2||l4(IRxT3x7) 

~ l|-Pc'"l||c/4(/,L2) (^^2Mh2|U4(IR;xT3x/)) 

^ ll-Pc^lllyC/) (^^2^ ||m2||l4(ib;xT3x7)) • 

Using othogonality and the summability properties of i^°(/), we get that 

||MiM2||l2 ll-Pc^lllyO(J) (^^^2' l|w2|U4(i;xT3x/)j < l|Wl||yO(/)||M2|||(/)- 

c 

Independently, using Proposition 12. H we also have from [131 Proposition 2.8] that 

I, I, <(N^^ 1 V° r39^ 

||'Wi'U2||l2(ikxt3x/) ^ I + I lFi||yo(/)||M2||yi(7) l-J-^J 

for some (5o > 0. The desired bound (13. ip follows from these two estimates and the 
inclusion X^{I) ^ Y^{I). □ 

Now we can obtain our main nonlinear estimate: 

Lemma 3.2. For Uk G X^{I), k = 1,2,3, |/| < 1, the estimate 

\\^^=lUk\\N{I) ^ ^ ||Mi||xi(/)||'"j|U'(/)||^fc|U'(/) 

{ij,fc}={l,2,3} 

holds true, where Uk = Uk or Uk = Uk- 
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Proof of Lemma \3.2i We decompose 

U1U2U3 = ^ PniUi ■ P<N^U2 ■ P<NiU3 
Ni>l 

+ ^ P<N2/2Ul ■ PN2U2 ■ P<N2U3 + ^ P<N-s/2Ul ■ P<N3/2U2 " PN3U3. 
N2>2 N3>2 

By symmetry, it suffices to prove that 

II PniUi ■ P<2iON^U2 ■ P<2WNiU3 < H^i || 11^2 |U'(/) ||% |U'(7) • (3.3) 

From |13i, Proposition 2.10], it suffices to prove the multihnear estimate 



/ 

Jr 



Uq ■ y2 PniUi ■ P<2^o^^U2 ■ P<2^0N^U2, dxdt 
< 



Fo||y-i(/) \\Ui \\U2 \\Z'{I) \\U3\\z'(I) 

for any uq G Y^^{I). To prove this, we decompose into dyadic shells 
and after relabeling, we need to estimate 

S = ^ \\PNiUlPN3U3\\Ll^{Rx'T'ixI)\\PNo^oPN2'^2\\Ll^(RxT3xI) 
Af 

where J\f is the set of 4-tuples {Nq, Ni, N2, N3) such that 

A^i ~ max(A^2, A^o) > A^2 > N3. 

We ffist consider the case Nq Ni. In this case, using (13. ip . summing ffist in N3, then 
in N2 and finally in A^^i, we compute that 

^ fN3 1 \ V ^2 lY 

^^13 2 

~ ll'"o||y-i{/)||Ml||xi(/)ll'"2|U'(/)|k3|U'(7). 

Now, we consider the case Nq < N2. In this case, using (12. 5 p and (13. ip . we see that 

S2 < ^ II (PniUi) {PN3U3) ||l2 t(IRxT3x/)ll {PN2U2) {PnqUq) ||l2^^(RxT3x7) 

Ni~N2>No,Na 



~ iiV~~^iV~j ll-^-'^i'"lll'*^°('^)ll'"3lU'(^)ll-PA'2'"2||L4(RxT3x/)||-PAfo'^^o||L4^^ 

Ni~N2>No,N-i ^ ^ 3^ 

< I|m3|U'(/) 5Z ^1 ^\\PniUi\\yi{I) (^N^\\Pn2U2\\l^{RxT3^I)^ N(f\\PN^^Uo\\ul(l,L2)- 



Nx'^N2>No 
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We use the embedding F° ^ L^) to obtain, with Schur's lemma, 

3 

S2<\\U3\\Z'{I)\\U2\\Z'{I) Yl (jf) \\Pn,Ui\\yi{I)\\PnoUo\\y-^{I) 

Ni>No ^ 

^ I|w3|U'(/)||m2||z'(/)||mi||xi(/)||mo||y-i(/)- 

This gives the desired estimate (13. 3 p and finishes the proof. □ 
With these two estimates, we can state our local existence result and a criterion for 



global existence. 

Proposition 3.3. Assume that E > is fixed. There exists Sq = So{E) such that if 

||e^*^Mo|U'(/) <5 (3.4) 

for some 6 < 6o, some interval G / with \I\ < 1 and some function Uq G H^(R x T'^) 
satisfying \\uq\\h'^ < E, then there exists a unique strong solution to (11. ip u G X^{I) such 
that u{0) = uq. Besides, 

\\u-e''''uo\\xHi)<S-K (3.5) 

Proof of Proposition [Oi We proceed by a standard fixed point argument. For E,a > 0, 
we consider the space 

S = {ue X\I) : \\u\\x^i) < 2E, Mz'ii) < a} 

and the mapping 

^v) = e''^uo - I [ e*(*-^)^ {v{s)\v{s)\^) ds. 



We then see that, for u,v E S, 

W^iu) - ^{v)\\xi(I) < + 11^^11x1(7)) (||^^IU'(/) + ||^^IU'(/)) \\U - v\\x^I) 

< Ea\\u - v\\xi{i)- 



(3.6) 



Similarly, using Lemma 13.21 we also obtain that 

mu)\\xi(i) < ||$(0)|Ui(/) + Cimv) - $(0)11x1(7) < ||no||77i + CEa\ 

||<f(^^)IU'(7) < mO)\\z'ii) + emu) - <^{0)\\xm) < 6 + CEa^. 

Now, we choose a = 25 and we let 6o = So{E) be small enough. We then see that $ is 
a contraction on S. Hence it possesses a unique fixed point u. Finally, using (13. ip and 
taking Sq smaller if necessary, 

\\u - e**'^Mo||xi < ll^i||xi||^i|||' < f^^- 

In order to justify the uniqueness in X^{I), assume that u,v E X^{I) satisfy m(0) = 
w(0) and choose E = max(||-u||xi(7), ||'i^||xi(7))- Then there exists a possibly smaller open 
interval G J such that u,v E Sj. By uniqueness of the fixed point in S, u\j = v\j and 
hence {u = v} is closed and open in I. This finishes the proof. □ 
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Lemma 3.4 (Z-norm controls the global existence). Assume that / C M zs a bounded 
open interval, that u is a strong solution of f ll.ip and that 

\\u\\L^(i,m) < E. 

Then, if 

\\u\\z{i) < +00 

there exists an open interval J with I G J such that u can he extended to a strong solution 
of (11. ip on J. In particular, if u blows up in finite time, then u blows up in the Z-norm. 

Proof of Lemma \3.4\ It suffices to consider the case I = (0,T). Choose e > sufficiently 
small and Ti > T — 1 such that 

IklUcTi.T) < £■ 

Now, let 

Clearly, /i is a continuous function of s satisfying h{0) = 0. In addition, using Proposition 
I3.3t as long as h{s) < So, we have that 

\Ht) - e^(*-^^)^w(Ti)||xim,T,+.) < h{s)l 
and in particular, from Duhamel formula, 

<e + Ch{s)l. 



On the other hand, by definition, there holds that 



3 

< {e + Chis)iy\\uiT,)\\l,. 



Now, if we take e > sufficiently small, we see by continuity that h{s) < C^E^ < 5q/2 
for all s < T — Ti. Consequently, there exists a larger time T2 > T such that 

||e^(*-^^)^«(TO|U'm,T.)<^5o. 

Applying Proposition 13.31 we see that u can be extended to (0,T2). □ 

Finally, we conclude with a stability result. 

Proposition 3.5 (Stability). Assume I is an open bounded interval, p G [—1,1], and 
u G X'^{I) satisfies the approximate Schrddinger equation 

{idt + A)u = pu\u\'^ + e onRxT^ x I. (3.7) 

Assume in addition that 

||^IU(/) + llwIUf (/,//i(RxT3)) < M, (3.8) 
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for some M G [l,oo). Assume to & I and uq G H^{M.x T^) is such that the smallness 
condition 

\\uq - u(to)||Hi(i:xT3) + ||e|U(/) < e (3.9) 

holds for some < e < ei, where ei <\ is a small constant ei = ei(M) > 0. 
Then there exists a strong solution u G X^[I) of the Schrddinger equation 

{idt + A)u = pu\u\'^ (3.10) 

such that u{to) = uq and 

MlxHi) + \\u\\xHi) < C{M), 

\\u-u\\x\i) < C{M)e. ^ ■ ' 

Proof of Proposition \3. 51 Without loss of generality, we may assume that |/| < 1. We 
proceed in several steps. 

First we need the following variation on the local existence result. We claim that there 
exists 6i = Si{M) such that if, for some interval J 3 to, 

||e*(*-*o)^n(to)IU'(j) + ||e|U(j)<5i, 
then there exists a unique solution u of (13. 7p on J and 

3^(*-*°)^w(to)||xMJ) < ||e^(*-*")^«(to)|||(^) + 2||elU(^). 



\u — e 



The proof is very similar to the proof of Proposition 13.31 and is omitted. 
Now we claim that there exists ei = ei{M) such that if the inequalities 

||e||7V(4) < ei 
\\u\\zih) <£<£i, 

hold on 4 = (Tfc,Tfc+i), then 



(3.12) 



(T,)||z'(/,)<C^(1 + M) (e+||e|U(/.))^ 
||n||z'(4)<C(l + M) {e + \\e\\Nii,))~* 



(3.13) 



Define h{s) = \\e^^^~'^'''''^u{Tk)\\z'{Tk,Tk+s)- Let Jk = [Tk,T') C h be the largest interval 
such that h{s) < Si/2, where 6i = Si{M) is as in the claim above. Then, on the one hand, 
we see from Duhamel Formula that 



{n)\\zin,n+s) < \\u\\zin,n+s) + \\u- e'^'-^-^^u{n)\\xiin,n+s) 

<e + h{s)^ +2||e||jv(4). 
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On the other hand, we also have that 



3 , _ , . 1 



3 

< (£ + /i(s)t +2||e|U(4)y 

< C(l + M){e+ ||e|U(4))^ + C(l + M)/i(s)t. 

The claim fl3.13p follows provided that si is chosen small enough. 

Now we consider an interval = [Tj^jT^^i) on which we assume that 



e 



u{Tk)\\z'{i,) <e<eo 



\\u\\z'{h) <e<£o (3.14) 
||e|U{4) < €o 

for some constant Eq sufficiently small. We can control u on as follows 

MxHh) < \\e'^''~^''^''u{Tk)\\xHi,) + 11^ - e'(*-^^)^M(T,)|Ui(,^) < M + 1. 
Now, we let u be an exact strong solution of (13.1 Op defined on an interval J„ such that 

Ofc = \\u{Tk) - u(Tk)\\Hi(Rxr-^) < ^0 (3.15) 
and we let Jk = [T^, + s] fl fl be the maximal interval such that 

||t^lU'(j,) < IOCeo < 1/(10(M + 1)), (3.16) 

where u := u — u. Such an interval exists and is nonempty since s ||co'||2'(Tfc,Tfc-i-s) is 
finite and continuous on J„ and vanishes for s = 0. Then, we see that oj = u — u solves 



(idt + A)uj = p ((?i + uj)\u + tjp — — 



e 



and consequently, using Proposition 13. 2[ we get that 

MxHJ,) < We'^'-^'^^^Hn) - S(r,))||^i(,,) + \\{u + u)\u + - w|wnU(j,) + ||e|U(j,) 

< ||u(Tfc) -u(Tfc)||Hi + 

+ ll^*llxi(Jfc)II^IUi(Jfe)II^IU'(jfe) + + l|e|U(jfe)) 

< \\u{Tk) - u{Tk)\\m + C{eo\\uj\\xiij^) + ||e||jv(4)), 

(3.17) 

where the last line holds due to fl3.16p . Consequently, 

Mz'iJ.) < CMxHJ,) < 4C (llw(Tfe) - uin)\\m + \\e\\N(i,)) < SCso 

provided that Eq is small enough. Consequently Jk = Ju and (13.170 holds on IkH Ju- 
Therefore, it follows from Lemma 13.41 that the solution u can be extended to the entire 
interval Ik, and the bounds (13.160 and (I3.17P hold with = Ik- 
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Now we can finish the proof. We take e2{M) < ei{M) sufficiently small and split / into 
N = 0{\\u\\z(i)/£2y intervals such that 

\\u\\z{i,) < £2, l|e|k(4) < i^^2- 

Then, on each interval, we have that f l3.12p hold, so that we also have from (13.13^ that 
fl3.14p holds. As a consequence, the bounds (13.161) and (I3.17p both hold on each interval 
Ik- The conclusion of the proposition follows. □ 

4. Euclidean approximations 

In this section we prove precise estimates showing how to compare Euclidean and 
semiperiodic solutions of both linear and nonlinear Schrodinger equations. Such a com- 
parison is meaningful only in the case of rescaled data that concentrate at a point. We 
follow closely the arguments in [151 Section 4], but provide all the details in our case for 
the sake of completeness. 

We fix a spherically-symmetric function r] G C^(M'^) supported in the ball of radius 2 
and equal to 1 in the ball of radius 1. Given (j) e if^(R^) and a real number iV > 1 we 
define 

Qn(P e H\R^), (g^0)(x) = r]{x/N'/^)<j){x), 

0;vGi/^(M^), Mx) = N{QNmNx), (4.1) 

fN G H\R X T=^), My) = M^^'^v)), 

where : {a; G : |x| < 1} Oq C M x T^, "^{x) = x. Thus Qn4' is a compactly 
supportecQ modification of the profile 0, 0Ar is an if ^-invariant rescaling of Qat^, and 
is the function obtained by transferring to a neighborhood of in M x T'^. We define 
also 

E^.{(t>) = ]-! \V^.ct>\^ dx + -I \ct>\Ux. 
We will use the main theorem of [19j, in the following form. 

Theorem 4.1. Assume ip G H^{W^). Then there is a unique global solution f G C(M : 
if ^(M^)) of the initial-value problem 

{idt + ^^,)v = v\v\\ v{Q) = ij, (4.2) 

and 

II |VM4f I \\{LfLlr\LlL^^)(M^xW, < C{E^4{iIj)). (4.3) 

Moreover this solution scatters in the sense that there exists ip'^°° G ii^(M^) such that 

||^(t)_e^*A^±-||^.(^4)^0 (4.4) 



This modification is useful to avoid tfie contribution of (j) coming from the Euclidean infinity, in a 
uniform way depending on the scale N . 
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as t ±00. Besides, %f ip e H^{R'^) then v G C(R : //^(R^)) and 

sup||i;(t)||H5(M3) <||^||^5,M4) 1- 
teM. ^ ' 

Our first result in this section is the following lemma: 

Lemma 4.2. Assume (p G H^iM.'^), Tq G (0, 00), and p G {0, 1} are given, and define 
as in (14.11) . Then the following conclusions hold: 

(i) There is Nq = iVo(0, Tq) sufficiently large such that for any N > Nq there is a 
unique solution Un G C{{—TqN~'^,TqN~'^) : H^{M. x T'^)) of the initial-value problem 

{idt + A)UN = pUN\UN\\ Ur,{0) = fN. (4.5) 
Moreover, for any N > Nq, 

\\Un\\x^~ToN-^,ToN-^) ^E^4i<l>) 1- (4-6) 

(a) Assume e\ G (0,1] is sufficiently small (depending only on E^4{(l))), (j)' G H^{M}), 
and 110 — 0'||^i(ig4) < Si. Let f' G C(M : H^) denote the solution of the initial-value 
problem 

{idt + /\n^)v' = pv'\v'\\ v\Q) = <P'. 

For R,N>1 we define 

v'ji{x,t) = r]{x/R)v'{x,t), {x,t) G X (-To,To), 

v'r^^{x, t) = Nv'jiiNx, Nh), (x, t) G X (-ToiV-^ T^N-^), (4.7) 

VR,iv(y,t) = v'^^^{^~\y),t) {y,t) G M X X {-ToN-\ToN~'). 

Then there is Rq > 1 (depending on Tq and 0' and Si) such that, for any R ^ Rq, 

limsup \\Un - VR^,7v||xi(-ro7v-2,ro7v-2) ^E^i(<t>) ^i- (4.8) 



Proof of Lemma 4-2. All of the constants in this proof are allowed to depend on E^i((f)) 
(in fact on the large constant C{E^4[(f))) in (14. 3p ): for simplicity of notation we will not 
track this dependence explicitly. Using Theorem 14.11 

||V]R4f'||(^ooi2ni2^4)(]R4xM) < 1, 

sup||t;'(t)||^,5(K4)<||^,||^ 1. (4-9) 

We will prove that for any _Ro sufficiently large there is A^o such that Vrq^at is an almost- 
solution of the equation (14. 5p . for any > Aq- We will then apply Proposition 13.51 to 
upgrade this to an exact solution of the initial-value problem (14.51) and prove the lemma. 
Let 

eR{x,t) : = [(^9^ + AK4)t;^-pi7;j|t;^P](x,t) =p(r/(a;/i?) -r7(x/i?)V(a;,t)|^^'(a;,t)r 

4 

+ i?~V(x,t)(AK4?7)(x/i?) + 2R'^^djv\x,t)djri{xl R). 
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Since \v'{x,t)\ <||0'||„5,b4, 1; see (HJl), it follows that 



llfl"5(R4) 

4 



\eR{x,t) \ + ^ \dkeR{x,t)\ 



k=l 



^3^^,^ llR,2R]{\x\) ■ [\v'{x,t)\ + J2\dkv'{x,t)\ + J2 \dkd,v'{x,t)\]. 



k=l k,j=l 

Therefore 

i™o " l^-^' ^ ||L2i2(R4x(-To,To)) = 0. (4.10) 

Letting 

eR,N{x,t) := [{idt + AK4)v'ji^j^ - pv'ji^j^\v'ji^j^\^]{x,t) = N^eR{Nx,NH), 
it follows from (14.101) that there is Ro > 1 such that, for any R> Rq and > 1, 

II \^R,n\ + |ViR4eH,Ar| ||LiL2(ig4x(_ToAf-2,To7V-2)) < ^l. (4-11) 

With VR^N{y,t) = v'j^ j^{'^'\y),t) as in (jlTD and > lOi?, let 

ER,N{y,t) := im + A)Vr,^ - pVR,N\VR,N\^]{y,t) = eR^M{'^~\y),t). (4.12) 

Using (14. lip , it follows that for any Rq sufficiently large there is A^o such that for any 
AT > A^o 

II IV^-Ero^atI ||LiL2(RxT3x(-ToAf-2,ToAf-2)) < '^^1- (4-13) 

To verify the hypothesis (13.81) of Proposition 13. 5[ we estimate for A^ large enough, using 

sup \\VRo^N{t)\\ m{Rxr^) < sup II^^Ro,iv(^)IUi(R4) < 1. (4.14) 

te(-ToN-^,ToN-2) te{-ToN-'^,ToN-2) 

In addition, using Littlewood-Paley theory and (14.91) . for A^ large enough 

\\Vro,n\\z(-ToN-'2,ToN~^) ^ 11(1 — A)"'"/'^VRg_Ar||i4(]gxT3x(-ToAr-2,ToAf-2)) 



< 11(1 A) / ^/?o,Af|lL4^8/3(iRxT3x(-ToAf-2,ro7V-2)) 

~ II l^k.A'l + I^K^^k.ivl llL44''»(M4x(-ro7V-2,roAf-2)) 

< 1. 



(4.15) 



Finally, to verify the inequality on the first term in (13. 9p we estimate, for Ro, N large 
enough, 

II/tV - VRo,7v(0)||ffi(RxT3) < 110^ -^^flo,^ (0)11 ~ ll<57V0-^^Ro(O)||^i(iR4) 

(4. lo) 

< ||gjv0 - 0|lifl(R4) + 110 - 0'||h1(r4) + 110' - v'RoiO)\\HW) ^ ^1- 



The conclusion of the lemma follows from Proposition 13. 5[ provided that ei is fixed suffi- 
ciently small depending on E^4((j)). □ 

As a consequence, we have the following key lemma: 
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Lemma 4.3. Assume ip G if^(]R^), e > 0, / C M zs an interval, and 

ll|VM.(e^*^^)|IL.,B/3(^.,,)<e. (4.17) 
For > 1 ti;e define, as before, 

{QNi^){x) = 7]{x/N'/^)^{x), tfjNix) = iV(Q^^)(iVx), ^N{y) = M'^-'iy)). 

Then there is Ni = Ni{ilj,e) such that, for any N > Ni, 

V''^^N\\z(N-^i)<e. (4.18) 

Proof of Lemma \4 ■ 3\ As before, the implicit constants may depend on E]g^4,[ilj). We may 
assume that ip e C^(R4). 

We show first that we can fix Ti = Ti (■?/', e) such that, for any > 1, we have the 
extinction bound _ 

||e'*^^iv|U(M\(-Ti7v-2,ri7v-2)) <e- (4.19) 
Using the dispersive estimate (12.41) . for any t 7^ and M G {1, 2, 4, . . .} 

In addition, for any t 7^ 0, M G {1, 2,4,.. .}, and p G {0, 100} 

||PA./e^*^z^^|U2(K,Tr3) < M-^P\\il - A)PV;^|U2(MxT3) <^ M-^m^P~\ 
Therefore, for any t ^ and M G {1, 2, 4, . . .}, 

\\PMe''''^N\\LHRxT^) <i, \t\-^'^N'^/'' ■ min[M/Ar, Areo/M^O], 
which shows that 

||PAfe^*^V^^|U6(MxT3x[E\(-T,Ar-2,Tiiv-2)]) <^ T"^/' ■ min[M/Ar, Areo/M^O]. (4.20) 
Using Proposition 12.11 it follows that 

||PAfe^*'^t^Ar|U.(RxT3x/) <^ M^-e/PAT-i 

for p = 19/5 and any interval / CM, |/| < 1. By interpolation between the last two 
bounds, for any interval / C M \ {-TiN-'^ ,TiN-^), \I\ < 1, 

||PMe**^^^|U4(i,xT3x/) <^ M-i/2rf^min[M/Ar, AT/M], 

for some 5 > 0. The desired bound f l4.19p follows. 

The bound (14.181) on the remaining interval N^"^! fl {—TiN~^,TiN^'^) follows from 
Lemma [4.21 (ii) with p = 0. This completes the proof of the lemma. □ 

We conclude this section with a lemma describing nonlinear solutions of the initial- 
value problem (11. 3p corresponding to data concentrating at a point. In view of the profile 
analysis in the next section, we need to consider slightly more general data. Given / G 
L^{R X T^), to G M, and G M x we define 

{7Tc,J){x) := /(x-xo), 

(n,„,.J/(x) = (e-^*°^/)(x - xo) = (7r.„e~^*°^/)(x). 
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As in dlJ]), given G ij^(]R'^) and > 1, we define 

TN(j){x) := N^iN'^-^x)) where ^{y) := r]{y/N^/^)(j){y), 
and observe that 

Tn : H\R^) H\R X T^) is a hnear operator with \\TN(j)\\m{Rxr^) < UWh^ 
Let J-'e denote the set of renormahzed Euchdean frames 

:= {{Nk, tk, Xk)k>i ■■ Nk G [1, oo), 4 G [-1, 1], a;fc G M X T^ 
Nk —J- oo, and tj^ = or Nk\tk\ — oo}. 

Lemma 4.4. Assume that {Nk,tk,Xk)k £ -^e; £ H^{R'^), and let Uk{0) = nt^_j:j.(T/v^0). 
(i) For k large enough (depending only on (p) there is a nonlinear solution Uk G 
2,2) of the initial-value problem (\1.3\\ and 

||^fc||xi(-2,2) ^B„4(0) 1- (4-21) 

(a) There exists a Euclidean solution u E C(R : H^(M.'^)) of 

{idt + Ak4) u = u\u\'^ (4.22) 

with scattering data (f)^°° defined as in (14.41) such that the following holds, up to a sub- 
sequence: for any e > 0, there exists T{(j),e) such that for all T > T{(f),e) there exists 
R{4>, e, T) such that for all R > R{(f), e, T), there holds that 

\\Uk - Uk\\x^(\t-tk\<TN-^) ^ (4-23) 

for k large enough, where 

{7r_,^Uk){x,t) = Nkr]{Nk^-\x)/R)u{Nk^-\x),Ni{t-tk)). 
In addition, up to a subsequence, 

\\Ukit) - ^tk~t,xkTNk<P'^°°\\x^{±it-tt:)>TN-^}n{-2,2)) < (4.24) 
for k large enough (depending on (f),e,T,R). 

Proof of Lemma \4-4\ Clearly, we may assume that a;^ = 0. 

We have two cases. If tfc = for any k then the lemma follows from Lemma 14.21 and 
Lemma 14.31 we let u be the nonlinear Euclidean solution of ( 14.22^ with u{0) = and 
notice that for any 6 > there is T(0, 6) such that 

II VlR4n||i3^^(]g4x{|t|>T(0,5)}) < ^• 

The bound (I4.23P follows for any fixed T > T(0, 6) from Lemma 14.21 Assuming 6 is 
sufficiently small and T is sufficiently large (both depending on and e), the bound (14.241) 
then follow from Corollary 14.31 (which guarantees smallness of 1±(^) ■e'^^^Uk{±Nj^^T{(l), S)) 
in Z(— 2,2)) and Lemma [3.31 
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Otherwise, if limk^oo N^\tk\ = oo, we may assume by symmetry that N^tk — )■ +00. 
Then we let u be the solution of fl4.22p such that 

as i — )■ —00 (thus = 0). We let (p = u{0) and apply the conclusions of the lemma to 
the frame (A^^, 0, 0)^ G J^e and Vfc(s), the solution of (11. ip with initial data Vk{0) = Tj^i^cf). 
In particular, we see from the fact that N^tk — >■ +00 and (I4.24p that 

\\Vk{—tk) — nt^,orAffc0l|Hi(RxT3) — ^ 



as — !• 00. Then, using Proposition I3.5[ we see that 

||f/fe - Vfc(- -4)||xi(-2,2) 

as — )■ 00, and we can conclude by inspecting the behavior of V^. This ends the proof. □ 



5. Profile decompositions 

In this section we show that given a bounded sequence of functions G iJ^(R x T^) 
we can construct suitable profiles and express the sequence in terms of these profiles. The 
statements and the arguments in this section are very similar to those in [15^ Section 5]. 
See also p2] for the original proofs of Keraani in the Euclidean geometry. 

As before, given / G ^^(R x T^), to e M, and xq G M x we define 

{'^xof){x) := f{x-Xo), 

(n,„,.J/(x) = (e-^*"^/)(x - xo) = (7r,,„e-*°^/)(x). ^ ' ^ 

As in given G H^{R'^) and A^ > 1, we define 

TN(j){x) := N^iN'^-^x)) where ^(y) := r]{y/N^/^)(j){y), (5.2) 
and observe that 

Tjv : if^(M^) ^ H\m X T^) is a linear operator with \\TN4>\\m{RxT^) < ll0lli^i(R4). (5.3) 
The following is our main definition. 

Definition 5.1. (1) We define a frame to be a sequence J-" = {Nk,tk-,Xk)k with > 
l,tk G [— 1, 1], Xfc G MxT^ such that either Nk = 1 andtk = 0, (Scale-1 frame), or 
Nk — )■ +00 (Euclidean frame). We denote T\ the set of Scale-1 frames and Te the 
set of Euclidean frames. We say that two frames {Nk,tk,Xk)k and {Mk, Sk,yk,)k 
are orthogonal if 

+ Nl\tk - Sk\ + Nk\xk - yk\^ = +00. 
Two frames that are not orthogonal are called equivalent. 



lim 



In 



Nk_ 
Mk 
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(2) If O = {Nk,tk,Xk)k is a Euclidean frame and if (p & H^{M.'^), we define the Eu- 
clidean profile associated to (0, O) as the sequence (pOk 

(3) If Ok = (1, 0, Xk)k is a Scale-1 frame and ip G H'^iM. x T^), we define the associated 
Scale- 1 profile by 

^Oki^) ■= 'fix - Xk). 

The following lemma summarizes some of the basic properties of profiles associated to 
equivalent/orthogonal frames. Its proof is very similar to the proof of Lemma 5.4 in [15j, 
and is omitted. 

Lemma 5.2. (Equivalence of frames) 

(i) If O and O' are equivalent Euclidean profiles (resp Scale-1 profiles), then, there 
exists an isometry of H^{M.'^) (resp of H^{M. x T'^)), T such that for any profile ipo'^.! W 
to a subsequence there holds that 

limsup \\Tij(^^ - ^oJ/fi(RxT3) = 0. (5.4) 

(a) If O and O' are orthogonal frames and ipOkJ 'Po'^ o^re corresponding profiles, then, 
up to a subsequence, 

lim (V'Ofc, ^o' )hix//i(Rxt3) = 0, 

lim {{■IpOkl'^, I'^C'l r)L2xL2(l;xT3) = 0. 

(Hi) If O is a Euclidean frame and ipOk> 'POu ^'^^ ^'^^ profiles corresponding to O, then 
lim ( ||^oJ|l2 + ||^oJ|l2) = 0, 

(iv) If O is a Scale-1 frame and ipOk! 'POk '^'^^ ^''^^ profiles corresponding to the same 
frame O, then 

lim ('i/'O;,, ^Ofc)/fix//i(KxT3) = ('«/', V')h1xH1(RxT3)- 
K— >+oo 

Definition 5.3. We say that a sequence of functions {fk}k ^ x T^) is absent from 

a frame O if, up to a subsequence, for every profile ipOk associated to O, 



I (fk^Ok + V/feVV^oJ dx ^ 



as k +00. 
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Note in particular that a profile associated to a frame O is absent from any frame 
orthogonal to O. 

The following Lemma is the core of this section. 

Lemma 5.4. Consider {fk}k o sequence of functions in H^(R x T^) satisfying 

limsup ||/fc||//i(RxT3) < E (5.5) 

and fix 6 > 0. There exists N < 5"^ profiles ip^a associated to pairwise orthogonal frames 
0°", a = 1 . . . N , such that, after extracting a subsequence, 

fk= Yl '^ot^^^ (^-6) 

l<a<Af 

where Rk is absent from the frames 0°' and is small in the sense that 

sup N-^\{e''^PNRk) {x)\ < 6. (5.7) 

N>1, \t\<l,xmxT^ 

Besides, we also have the following orthogonality relations 

' (5.8) 

llvMii^ = J2 W^^^Wl^ + E II VR^^''lli^(M^) + II v^^lli^ + ok{i), 

where {a} = {/?} U {7}, /3 corresponding to Scale-1 frames and 7 to Euclidian frames. 

Proof of Lemma \5.4\ We will split this proof into several parts. 

(1) Extraction of a frame. For a sequence {/fc}, define the following functional: 

A({/fc}) = limsup sup iV-i I (e'*^P;v/fe) {x)\ . 

k^+oa N>l,\t\<l,x<mxT3 

We claim that if K{{fk}) > 5, then there exists a frame O and an associated profile t/'Oj. 
satisfying 

limsup II^oJIj/i < 1 (5.9) 

fc— >+oo 

and 

~ 8 
limsup(/fc, VoJ/^ix/fi > -. (5.10) 

fc— >-|-oo ^ 

In addition, if fk was absent from a family of frames O", then O is orthogonal to all the 
previous frames O". 

Let us prove the claim above. By assumption, up to extracting a subsequence, there 
exists a sequence {Nk,tk,Xk)k such that, for all k 

^ < N^'lie^'^^PNjk) {xk)\ = \{N^'e^"'^P^Jk,6,,)^^^,\ 



22 ALEXANDRU D. lONESCU AND BENOIT PAUSADER 

Now, first assume that A^^ remains bounded, then, up to a subsequence, one may assume 
that Nk — )■ A^oo and — )■ too- In this case, we define O = (1, 0, Xk)k and 

ij = {l-A)-'N-'e-''-'^P^Jo. 
Inequahty ( I5.10p is clear since 

{N,t,y) ^ N-\l - A)-ie-^*^P^5o 

is a strongly continuous function. The uniform bound in fl5.9p is clear from the 
definition. 

Now, we assume that A^^ — t- +oo and we define the Euclidean frame O = {Nk,tk,Xk)k 
and the function 

Using the Poisson summation formula, it is not hard to prove that 

hm 11(1 - A)T^,V' - iVfc"'^JV,5ollL4/3(MxT3) = 0. 

Thus 11(1 — A)TNf,ip — Nf^^P]\ri^6o\\H-i(RxT3) and we conclude that 



2 

Changing ip by e'^^tp to make the scalar product real valued, we obtain fIS.lOp . 

The last claim about orthogonality of O with (9" follows from Lemma 15.21 and the 
existence of a nonzero scalar product in fIS.lOp . 

(II) Now that we have selected a frame, we can select the localization of our sequence 
in this frame linear profile. 

First, if the frame selected above O = {l,0,Xk)k was a Scale-1 frame, we consider the 
sequence 

gk{x) := fk{x + Xk) = T^-Xkfk- 
This is a bounded sequence in H^{M. x T^), thus, up to considering a subsequence, we 
can assume that it converges weakly to Lp & if^(]R x T^). We then define the profile 
corresponding to O as <^Ok- By its definition and (15. 5p . if has norm smaller than E. 
Besides, we also have that 

-< Mm {fk,^{- - Xk))mxm < ^iT^ {9k,^)mxm = {^,i')mxm- 

Z K— >+oo k—^+oo 

Consequently, we get that 

\Mm>S. (5.11) 
We also observe that since Qk ~ ^ weakly converges to in H^, there holds that 

\\m\h = WAgkWh = \\M9k - - + okii) 

= \\Aifk-^o,k)\\h-\\A^\\h+Okil) 

for A = 1 or A = V. 
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The situation if (9 is a Euclidean frame is similar. In this case, for R > and k large 
enough, we consider 

^kiy) = N^W{y/R) (n-*„_.J.) {^{y/N,)), y e 

This is a sequence of functions bounded in if^(]R^), uniformly in R. We can thus extract 
a subsequence that converges weakly to a function ip^ G ij^(M'^) satisfying 



Hence, extracting a further subsequence, we may assume that ip^ ^ G H^{E^) and by 
uniqueness of the weak limit, we see that for every i?, 

= i]'^{x/R)ip{x). 

Now, let 7 G C^(]R'^) be supported in B(0,R/2) C M"^ and remark that, for k large 
enough, 

= (</'^,7)i/ixi/i(M4) +Ofc(l) 

= {f^'y)mxm{R^) + Ofc(l). 
Form this and fl5.9p . flS.lOp . we conclude that 

y\\m{Ri) ^ ^ (5-13) 

and that 

9k = fk— fOk 

is absent from the frame O. Now, similarly to (15 .121) and using Lemma I5■2^ we see that 

hkllh = Wfkh^ + Ofc(i) 

liv^fclli. = iivMii. + ||v<^|ii.(K4) -2(v/fc,v^o,)i2xL2 
= llvMii2-||v^lli.(i,4) + Ofc(i). 



(Ill) Now, we can finish the proof of Lemma [5.41 We define = fk- For a > 0, while 
A({/^}fc) > S we proceed as follows: applying the two steps above, we get a frame 
and an associated profile (Pq^. We then let 



Jk — Jk YO'^- 



We remark that /""'"^ is absent from by definition. By induction and Lemma 15. 2[ it 
is also absent from all the frames (9^, /3 < a. Similarly, O'^ is orthogonal to all previous 
frames (9^, /3 < a — 1 and by induction, all frames 0^,P < a are pairwise orthogonal. 
Using (I5.12P inductively, we also obtain that 

WkWh = E ii^^af iii^ + p/rii^ + ok{i). 

)3<a 
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for A = 1 or A = V. In particular using also flS.Sp and (15. lip . f l5.13p . we see that this 
procedure stops after 0{6~^) steps. At this points, it remains to set Rk = Z^™'*"''^ where 
aend is the last index. This finishes the proof. □ 

Now, we can deduce the complete profile decomposition 

Proposition 5.5. Consider {fk}k sequence of functions in if^(M x T'^) satisfying 

limsup ||/fc||//i(RxT«) < E. (5.14) 

There exists a sequence of profiles ipQ^ associated to pairwise orthogonal frames such 
that, after extracting a subsequence, for every J > 

fk= Yl ^ot+Ri (5-15) 



l<a<J 



where Rf, is absent from the frames 0°', a < J and is small in the sense that 



lim sup lim sup [ sup ^ 

J-s>+oo fc^+oo Ar>l, |t|<l,xgIRxT3 



(e^'^P^Ri) ix)\]=0. 



Besides, we also have the following orthogonality relations 



k\\L^ 



+ \\R 



J\\2 



+ Ofc(l), 



(5.16) 



llvMii. = 5^llvv^^lli. + 5^IIVM4^^lli. 

P<J ■y<J 



+ \\VR 



+ Ok(l] 



lim lim sup 



II// 



E 



0, 



(5.17) 



where {a} = {/?} U {7}, /3 corresponding to Scale-1 frames and 7 to Euclidean frames. 

Proof of Proposition 15.51 We let 5i = 2^' and we apply inductively Lemma 15.41 to get the 
sequence of frames and profiles C", 'fo<^- We only need to prove the last equality in (15.171) . 
Using Lemma [52] (ii), we see that for a 7^ /3, 



x/3 |3\ 



(l<^0?r. l<^fo,9r)L2xL2 ^ ||^|l;3||i4 < Ofc(l). 



Therefore, for any fixed J, there holds that 

II X^^o^IIl* - X] 11^0^ IIl* Ofc(i) 



On the other hand, using that is bounded and i?^ are bounded in uniformly in J, 



lim sup 



ll/fcllt* 



E 



<E limsup ||i?fc||L4- 
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Since fk is bounded in L"^, combining f l2.6p . f l5.16p and f l5.17p . we see that 

lim limsup ||-R^||l4 = 0. 

This ends the proof. □ 

6. Proof of the main theorem 

From Lemma 13.4^ we see that to prove Theorem II. 1^ it suffices to prove that solutions 
remain bounded in Z on intervals of length at most 1. To obtain this, we induct on the 
level 

L{u) = M{u) + E{u). 

Define 

A(L) = sup{||?i||z(/), E{u) + M{u) < L, \I\ < 1} 
where the supremum is taken over all strong solutions of fll.ip of level less than or equal 
to L and all intervals / of length |/| < 1. We also define 

Lmax = sup{L : A(L) < +oo}. (6.1) 

In subsection 16.11 we prove the following key proposition: 

Proposition 6.1. Assume that L^ax < oo- Let he a sequence of strong solutions of 
(II. ip on intervals Ik and tk a sequence of times in Ik satisfying 

E{uk) + M{uk) -> Lmax, min(||Mfc||z(Tfc,tfc), \\uk\\z{tk,Tk)) +00 (6.2) 

for some Tk < tk < , — Tk < 1. Then, there exists a sequence G M x T'^ and 
V G II^(R X T^) such that, up to a subsequence, 

Uk{- - Xk,tk) ^ V (6.3) 

strongly in . 

Assuming this proposition, we will prove the following which implies Theorem 11.11 

Theorem 6.2. L^ax = +oo. In particular solutions of (II. ip exist globally onRxT'^ and 
Theorem \1.1\ is proved. 

Proof of Theorem \6/A We assume that L^ax < +00 and we will derive a contradiction. 
We proceed in several steps. 

(I) Existence of a critical element. By definition, we may find Uk and intervals Jk = 
(Tk,T'') of length less than 1 such that 

E{uk) + M{uk) L 

max 1 \\uk\\z{Jk) > 

We can then clearly find tk G Jk such that (16. 2p is satisfied. Now Uk, tk satisfy the 
hypothesis of Proposition l6.1l By extracting a subsequence, we may assume that T^—tk — )• 
h and tk — Tk ^ a. We can thus find a sequence Xk such that (16. 3p holds. We then define 
U to be the solution of (II. ip with initial data U{0) = v. 



26 ALEXANDRU D. lONESCU AND BENOIT PAUSADER 

By strong convergence, there holds that E{U) + M{U) = E{y) + L{y) = L^ax- Besides, 
let / = (— T_,T"'") be the maximal time of existence of U. We claim that / is bounded. 
Indeed, / C (—a, 6), for if, for example, (0, h + 25) C /, then 

\\U\\z{0,b+i) = M < +00 

and applying Lemma 13751 with u{x, t) = v, u{x, t) = Uk{x — Xk, tk + t), we get from (13.111) 
that, for all k large enough, Uk is bounded in Z{tk,T^), which contradicts (16. 2p . From 
Lemma [131 we thus conclude that ||t/||z(o,r+) = +oo. 

(II) Nonexistence of a critical element. Now we will derive a contradiction. Indeed, 
take tk < T"*", tk — )■ T~^. By what we saw before, there holds that 

\\U\\z{o,tk) +00, \\U\\z(tk,T+) = +00. (6.4) 

Besides, E{U) + M{U) = L^ax- Consequently, we may apply Proposition 16.11 to get that 
there exists Xk such that U{- — Xk,tk) — )■ foo- Now, let V be the solution of (II. ip with 
initial data Voo- By local wellposedness, there exists 6 > such that 

||V||z(-25,2<5) < 1- (6.5) 

Now, take k sufficiently large so that tk > — 6. Applying the stability proposition, we 
see that 

\\U\\zitk,T+) < ||^||z(0,5) +Ok{l) < 2 

for k sufficiently large. This contradicts (16. 4p and finishes the proof. □ 

6.1. Proof of Proposition I^TTl Without loss of generality, we may assume that tk = 0. 
We apply Proposition 15. 5l to the sequence {^^(O)}^ which is indeed bounded in //^(MxT^). 
This way we obtain, for all J, 

l<a<J 

We first consider the remainder. Using Holder's inequality and Strichartz estimates 
(12. 3p . we observe that 



^tt(IRxT3x[-l,l]) 
N 



V x,t 



(6.6) 



< (supiV-i||P^e^*X^|U^J \\Ri 



N 

1 
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Case I: There are no profiles. Then, taking J sufficiently large, we see from (16. 6p that 



e 



^*^Mfc(0)|U(-i,i) = ||e^*^i?,^||z(-i,i) < 5o/2 



for k sufficiently large, where 5q = 5o(-^max) is given in Proposition 13.31 Then we see from 
Proposition 13.31 that Uk can be extended on (—1, 1) and that 

lim < 6o 

k—^+oo 

which contradicts fl6.2p . 

Hence, we see that there exists at least one profile. Using Lemma 15.21 and passing to 
a subsequence, we may renormalize every Euclidean proffie, that is, up to passing to an 
equivalent proffie, we may assume that for every Euclidean frame 0°', 0°" G Te- Besides, 
using Lemma [5l2] and passing to a subsequence once again, we may assume that for every 
a 7^ /3, either N^/N^ + N^/N^ +oo as A; ^ +oo or = for all k and in this 
case, either = as -t- +oo or {Nj^Ylf^ ~ ^kl ^ +^ as k ^ +oo. 

Now for every linear profile ipQa, we define the associated nonlinear profile Uj^ as the 

maximal solution of (11. ip with initial data Uj^{0) = V'o^- '^^^ ^ more precise 
description of each nonlinear proffie. 

(1) If = (1,0 , is a Scale-1 frame, then letting W"' be the maximal strong 
solution with initial data ip"' G iJ^(]R x T^), we have that 

U^{t,x) = W'^it,x-xt). 

(2) If 0" is a Euclidean frame, this is given by Lemma 14.41 
From (I5.17P we see that 

L{a):= lim (^(V^" ) + M(z^- )) G (0, L^„,], 
lim [ V L{a) + lim L{Ri)] < L^,,. ^^'^^ 

l<a<J 

The numbers L{a) and \imk^_^_oQ L{Rl) are all well defined up to taking a subsequence. 
Up to relabelling the proffies, we can assume that for all a, L{1) > L{a). 

Case Ila: L{1) = Lmax and there is only one Euclidean profile, that is 

Mfe(O) = ^po^ + Ofc(l) 

in (see (16.70 ). where O is a Euclidean frame. In this case, since from (I4.2ip the 
corresponding nonlinear profile Uk satisfies 

l|f^fc|U(-i,i) ^i?g4W 1 ^liin^ ||f^fc(0) - UkiO)\\m ^ 

we may use Proposition 13.51 to deduce that 



|Wfc|U(-l,l) ^ ||MA;||x1(-1,1) ^L. 
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which contradicts f l6.2l) . 

Case lib: L{1) = L^ax and, using again (16. 7p we have that 

Mfc(O) = + Ofc(l) in H^, 

where (9 is a Scale-1 frame. This is precisely conclusion (16. 3p . 

Case III: L{1) < Lmax- Then, we have that there exists > such that for all a, 
L(a) < Lmax — V- In this case, we have that all nonlinear profiles are global and satisfy, 
for any k, a (after extracting a subsequence) 

||f/fclU(-2,2)<2A(L„„,-V2)<l, 

where from now on all the implicit constants are allowed to depend on A{Lmax — vf^)- 
Using Proposition 13.51 it follows that 

\\mxH-i,i) < 1. (6.8) 

For J, A; > 1 we define 



Uprof,k '■— 

We show first that there is a constant Q < 1 such that 

J 

ll^/ro/,A:llxi(-l,l) + ^ II ^fe II Xi (-1,1) ^ (6-9) 
a=l 

uniformly in J, for all k sufficiently large. Indeed, a simple fixed point argument as in 
section [3] shows that there exists 5o > such that if 

||0||//i(I8xT3) < So 

then the unique strong solution of (11.11) with initial data is global and satisfies 

lhllxi(-2,2) < 25 and \\u - e'^^(f)\\x^-2,2) < UWh^rxt^)- (6.10) 

From (16.71) . we know that there are only finitely many profiles such that L{a) > 5q/2. 
Without loss of generahty, we may assume that for all a > A, L{a) < 6o. Using ( 15.17p . 
(16. Sp . and (I6.10p we then see that 

ll^/ro/,fcllxi(-l,l) = II X] f^fc IUi(-l,l) 
l<a<J 

< E \\Uk\\xH-i,i) + \\ Yl iU^-^''^U^m\xH-i,i) + \\e''^ Yl f^^^W IUm-U) 

l<a<A A<a<J A<a<J 

<A+ Y ^(«)^ + ll E ^^"(0)11^^ 

A<a<J A<a<J 

The bound on J2t=i ll^fe llxi(-i i) similar (in fact easier), which gives (16. 9p . 
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We define F{z) = \z\'^z and 

F'{G)u := 2GGu + G^u. 

For fixed B and J, we define (/^ ' to be the solution of the initial value problem 

(tdt + A)g~ F'{U^,f^^)g = 0, ^^(O) = Rl (6.11) 

Using fl6.9p . dividing the interval (—1,1) into finitely many subintervals, and using the 
stability theory in section [3] (in particular Lemma I3.2p in each subinterval, it follows that 
there is a constant Q' > Q independent of J and B such that, for all k > kQ{J,B) the 
solution gl^"'^ is well-defined on (—1, 1) and 

\\9k''\\xH-i,i)<Q'- (6.12) 
For a fixed A to be defined soon, we will consider the approximate solution 

Ur'--=U,iof,k + 9t'' + Ui:^f,k where t//^, := U^. (6.13) 

a=A+l 

We have from (16.91) and f l6.12p that for every choice of A, J, A < J, there holds that 

Ur'iO) = Uk{0) and \\Ur''\\xH^i,i) < ^Q', 

for all k > kolJ) large enough. The stability Proposition 13.51 with M ^ Q' provides 
ei = ei(M) < 1/{Q' + K), K sufficiently large. We now choose A such that 

ll^/;o/,fcllxi(-i,i) + \\^k\\xH-i,i) < 4° for any J > A and k sufficiently large. 

A<a<J 

(6.14) 

This is possible, by an argument similar to the argument in the proof of (16. 9p . This choice 
fixes the constant A. 

To continue, we need two lemmas which are proved in the next subsections. 

Lemma 6.3. Assume a ^ f3 & {1, . . . ,A}. For every sequence of functions gt which is 
uniformly bounded in X^, we have 

hmsup ||f/,"f/,V|U(^i,i) = where G {f/,M7^}, f/f G {f/f , f^}. 

fc— > + CXD 

Lemma 6.4. With the notation above 

limsuplimsup = 0. 

J— >+oo fc— i-+oo 
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Assuming these lemmas we can complete the proof of Proposition 16 .![ Indeed, with the 
choice of approximate solution as in fl6.13p . we compute 

ei = {id, + A) ur^' - FiUr') 

l<a<J 

- m^rof,k + at') + FKrof,k) + F'{U^^,j^,)gt' 

1<q:<A 
A<a<J 

= I + II + III + IV. 

We first see from Lemma (13. 2p and the bounds f l6.9p . (16 .120 . and (I6.14p that 

II^IU(-i,i) ^ {\\Uprof,k + 9t'^\\x^-l^) + \\Up;of,k\\ \\Uprtf,k\\ xH^i,i) < ei/10, 
for k large enough. Now we estimate // as follow^ 

II^^IU(-i,i) < \\u^ki9t'nNi-i,i) + \\Uptf,k9t'^\\m-i,i) + Wigt'r'^Wm-i,!) 

~ l|f^^.o/,fcllxi(-i,i)llfi'fe^'"'lUi(-i,i)ll5'fc"''lU'(-i,i) + \\9t"^\\x^{-i,i)\\gt"^\\l'(-i,i) 

< iQr\\9t''\\z'i-i,i)- 

We now turn to ///, which we estimate using Lemma 16.31 

ii///iU(-i,i) <A Yl mu^kU:\\Ni-i,i) < ei/io 

l<a7^/3<A,l<7<A 

provided that k is sufficiently large, where f/^ G {Uj^, U^}. We estimate IV using (I6.14p 

ii/^iU(-i,i)<iii^(f/i4;^oiU(-i,i)+ E \\numNi-i,i) 

A<a<J 

~ ll^/ro/,fellxi(-l,l) + E ll^fe llxM-l>l) 
A<a<J 

< ei/10. 

Adding these estimates we obtain 

||e,^lk(-i,i) < + C(Q')'lkMz'(-i,i). 

^The choice of g^''^ satisfying (|6.1ip is precisely to achieve a cancehation in this term, i.e. to avoid 

estimating products such as (t^jj^o/ fc)^5fe^'"^ Wprof k\'^9k''^ ■ Such products, which are hnear in g^'"', 
cannot be made small in iV(— 1, 1) by letting J, fc — >• +oo. 
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Using Lemma [6 ■4[ we can find J sufficiently large such that for all k > ko{J) we have 

C{Q'n9t''\\z'i-i,i) < ei/10. 
For k sufficiently large this shows that 

l|efc||Ar(-l,l) < ei- 

We can now apply Proposition 13.51 to conclude that Uk is defined on (—1, 1) and that 

limsup < +00. 

fc— >+oo 

But this contradicts (16.21) . 

6.2. Proof of Lemma 16.31 We may assume ||5'a;||xi(-i,i) ^ 1 for any k. For simplicity 
of notation we will also assume that f/^ = Uj^ and = U^. All of our estimates use 
only the bounds in Lemma [3.21 the spaces X^, Z', N and spacetime norms such as L^L^, 
which are not sensitive to complex conjugation. 

Let / = (— 1, 1). If and are Scale- 1 frames, then the proof is easy. Indeed, given 
9 > there is Rg = Rg^^a^^fi ^ 1 such that we may decompose, for 7 G {a, f3}, 

\\p^''\\xHi) + 11(1 - P<rM''\\xhi) < 0, \\V'''\\xm) < I, (6.15) 
\D^V^'^\ < Rglg,,e, < |m| < 6, 



where 



Sl'^ ■= {{x,t) G M X X (-1, 1) : |x - < Rg}. 



From Lemma [3. 2 [ we then have that 

\\pfU^9k\\Nii) + \\Vk'^pi'^gk\\N{i) < 9- 
Independently, since ~ ^k \ ^ +00, it follows from the description fl6.15p that 

^k K' 9k = ^ 

for k sufficiently large. This completes the proof of the lemma in this case. 

Now we assume that O"' is a Euclidean frame, 7 G {«,/?}. Using Lemma 14.41 and 
then applying also Lemma 14.21 and Lemma 14.31 it follows that for any ^ > there are 
Tg = Tg^ tp",'ipf ^ 1 s-iid Rd — Rg ,ij)<^ ,ipf^ ^ Tg such that for all k sufficiently large we can 
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decompose 

'-^k - + Pk - ^k +^k +^k + Pk ^ 



k n^'ii) + WPk^WxHi) + 11(1 - P<ReN;! + P<B-^N^Wk''^\\x\i) < d, 

\M 11x1(7) + \M' WxHi) < 1, 

I^M'^I < i?.(iV,^)^+Hi^,, < |m| < 6, 



(6.16) 



where 

Sf := {(x, t) G M X X (-1, 1) : \t - tl\ < Te{Nir\ \x - xl\ < Re{Nl)-']. 

Assuming that (9° is a Euchdean frame, we fix > and decompose as in fl6.16p : 
similarly we decompose f/f as in fl6.16p if is a Euclidean frame and decompose 
as in (16.151) if is a Scale-1 frame. Notice that the two decompositions agree if we set 
and u;f = if is a Scale-1 frame. For simplicity of notation, we omit 



/3,9 



from now on the dependence in 9. 

Any term involving can be dealt with directly, using Lemma 13.21 for example 

MUiguUm ^ \\Pt\\xHiM\\xHi)\\9k\\xHi)<0. 
Similarly, we observe that since 0;^'^°°, wf'''^°° are small in Z\ for k large enough 

II a, ±00 /3,±oo II 

W^k < gk\\N(i) 

^ ( W a,itoo|| I II /3,±oo|| \ / II a,itoo|| . n f3,±oo\\ \ \\ \\ 

^ (^ll^fc + \\z'{i)j \\\^k \\x^{i) + \\^k \\x^{i)j \\9k\\x^i) 

< 9. 

To estimate the remaining terms, we may assume from now on that iV^ > N^. 

We first estimate u'^u^gk- In view of the support properties of cu^ and in f l6.16p and 



the orthogonality of and O^, we have 
if = — )■ 00, for k large enough. Otherwise N^/N^ — > +00 and we estimate 



^k^k9k = 



\\^k^k9k\\LliI,m) < l|WfcwfllLiL-|| IV^^fel ||l-(/,L2)+ l|V(WfcU;f)|| 6 Jl^fcll^e^ 

where iV^^ffc] is defined in (12. 8p . Using (I6.16P we estimate, for k large enough, 

||(Vu;,>f|| 6 < \\Vujn^l^M\\L-<eN^,iN^nis^\\ I <eN^/N^, 

^x ' ^x 

^x ^x ^x 



a\2 
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Therefore 

\\^k^k9k\\N{i) <d ior k large enough , 

as desired. 

We estimate now w^wf as before 

(6.17) 

If hnijt^oo Nj^/N^ = +00 then we estimate 

ll^fc^f''^°°fi'felU(/) S N^/Nk for k sufficiently large, 
as before, since the bounds Hcuf and || Vwf <e {^kY still hold. Otherwise, 

if iV^ = iVf ^ cx) and {N^ f\tl - | ^ +oo, using (E^D and the description (l6:T6|) we 
see that, for k large enough, 

ll^fc^fc \\lI(I,L^) ^ \\^k\\Ll{I,L^)\\^k \\L^M^k)^\''-^t\<Re}) {J>lk) V'k ' ^k\ S 

and 

+ ll^fcllL§(/,L3)ll'^'^f'^°°IU°°({(^fc")2|t-t^|<i?9}) 

<e {N^)-'\tl-tl\-^^- 

Finally, if N^\x'^ — | — )■ +oo and = t1,NI^ = N^, then we use Lemma (ii) with 
p — 0. It follows easily that 

as — 7- oo, as desired 

Finally, it remains to prove that 

limsup|K"'±°°a;,V|U(,)<^ if iV,7iVf ^ +oo. (6.18) 



fc— >oo 



We write 



a.itoo B 

" 'Ik - 

+ P<2^B^t'^'^ ■ PsUJk ■ P<B9k 
B>1 

+ P<2^C^k'^^ ■ P<C/2(^k ■ Pc9k- 
C>2 

It follows from fl3.3D that 



(6.19) 



^P<2^B^k^'^ ■ PbUjI ■ P<Bgk ^^^^ < \\(^k^^\\z'{I)\\uJk\\x^{I)\\9k\\z'{I) 



B>2 
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^ P<29cC^fc '"^^ ■ P<C/2^i ■ PcQk 



C>2 



II a, ±00 I 



z'{i)\\(^l\\z'{i)\\gk\\x^{i)- 



Recall from f l6.16p that < & and + ||5'fc||xi{/) ^ 1- In view of the 

decomposition f l6.19p and the last two bounds, it remains to prove that 

limsup II ^ PA^t^°^ ■ P<2-^oa4 ■ P<2-ioAgk < e if iV°/iVf ^ +00. 



k~¥oo 



N(I) 



(6.20) 

It follows from the description of uj'^'^°° in f l6.16p that there is Qe = Qg^(f,a,±oo G 2^+ 
sufficiently large and 9' = OL ^^,±00 sufficiently small such that, for k large enough. 



\\P<Q-'-N^iTN^(t)'^' °°)lki(IRxTa) + 11(1 - P<QeN'^){TN^<p°'' °°) || //i (KxTS) 

+ 11(1 -p^i,)(7^iv,-r'^'")llHi(MxT3) < e, 

where the operator Pg, is defined in fl2.7p . Therefore 

\\P<Q-^N^<'^'^\\x^ii) + 11(1 - P<QeNM^^°^\\xm + 11(1 - Pe'X^^nWx^ii) < 0. 
Using again fl3.3p . for fl6.20p it suffices to prove that if /N^ — )■ +00 then 

\\PaPI,ujI'^°^ ■ P<2-^oaujI ■ P<2-^0Agk\\Nii) < 0. (6.21) 



lim sup 



For A G [Qq ^N^, QqN^] and k large enough we estimate, using [131 Proposition 2.10], 

II T~> nl a, ±00 T-, P T) II 

\\FAfQ,U^ ■ f<2-^0Ai^k ■ t'<2-WAgk\\N{I) 



< 



sup 

ll/ily-i(7)=i 



/ ■ PAPl:(^t'^°° ■ P<2-WA^l ■ P<2-WAgk dxdt 



xT3x/ 



~ \\PAPe'^k'^°° ■ -P<2-iOAl^fc|U2(RxT3x/) ■ sup sup ||Pa'/ " -P<2-ioa5'A; || L2(RxT3 x/) • 

lly-i(i-)=i 



Using (O) 



sup sup IIP4'/ ■ P<2-^0Agk\\L2(KxT3xI) < A. 



Using (12131) and IKWh 

II o ol a. ±00 r> 13 \\ ^ II D 31 a,±oo|| n I3\\ 

W^A^^e'^k ■ -r^<2-iOAWfc||L2(iRxT3x/) ^ ||-r4-rg/Wfc \\l^t2 \\uj^\\li l°°. 

S (^^'A)-i/M-i(ivf )i/l 

It follows from the last three estimates that 

WPaP^.ujI'^'^ ■ P<2-ioa4 ■ P<2-^0Agk\\NiI) <9 {N^p/N^Y^^ 
and f l6.2ip follows. This completes the proof of the lemma. 
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6.3. Proof of Lemma l6.4L Recall that we defined nonlinear profiles U^, a, /c G {1, 2, . . .} 
with ||f/fc ||xi(-2,2) ^ 1- We also fixed a number A <1 and defined 



Uprof,k — 5^ ^fc ■ 



1<q:<A 

Letting F'{G)u = 2GGu + G'^u, for J > A and k G Z*^ we define g^''^ as the solution on 
(—1, 1) of the linear initial- value problem 

+ A)gt'' - F\U^%^,)gt'' = 0, gt^'iO) = RI (6.22) 

We know that g^''^ is well defined on (—1, 1) and 

^ 1 uniformly in J and k. (6.23) 

We would like to prove that 

limsup limsup = 0. (6.24) 

J— ^+00 

Recall that 

\\Ri\\H^<l foranyJ,fc>l, 

limsuplimsup sup iV~^||e**'^PAri?fc ||loo^(Mxt3x(-i,i)) = 0- i^-'^^) 

J-s>+oo fc-*-+oo N>1 

We will make repeated use of the following simple claim, which is consequence of the 
stability theory on section (3) 
Claim: If m, m', f h satisfy 

+ + ||f ||xi(-i,i) + < Ci, ||/i|U(-i,i) < +00 

then, for every uq G H^, the solution of the linear initial- value problem 

{idt + A) (yf — uvg — u'v'g = h, h(0) = uq 
exists globally in X^(— 1, 1) and satisfies 

II^IUi{-i,i) ~Ci \\uo\\m + ||^IU(-i,i)- (6-26) 
We prove f l6.24p in several steps. 

(I) For every fixed ^ > 0, define h'l'^ as the solution to the initial value problem 

{zdt + A)hf- J2 F'{u;f)hf = 0, h{Q) = Ri (6.27) 

l<a<A 



where o;^' are defined as in (16.151) or (I6.16p . with the convention, as in the proof of Lemma 

k ~ ^k 

Jfi\ 



16. 3t wf'^ = K"'^ if is a Scale-1 frame. Then, we have that 



||/^rlUi(-i,i) < 1 (6.28) 
uniformly in k, J, 6, which is a consequence of (16.261) . We will prove that 

\\9t''-hi'\\x^<e (6.29) 
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for all k sufficiently large. In order to do this, we let 5 = h'l'^ — g^''^ and compute that 
m + A)6 = F'{U^%)6-[F'{U^%^,)~ Yl 

l<a<A 

l<a<A l<a<A 

Consequently, using (16.261) . 



l<a<A 



N{-1,1) 



[ E F'{uf)-F'{U^)]hf 

l<a<A 



7V(-1,1) 



Using Lemma 16.31 and fl6.28p 

l<a<A 

Using f l6.28p . the bounds in the descriptions (16.151) and (16.161) . and Lemma 13^ 



lim sup 



= 0. 

JV(-1,1) 



[ E F\uf)~F\U^)]hl 



l<a<A 



< 9 
N{-1,1) ~ 



for k large enough. The bound (I6.29P follows. It remains to prove that, for any 6 fixed 

h \\z{-i,i) 



lim sup lim sup 11/?-^ ^ ^- (6.30) 



J— >+oo fc— ^+oo 

(II) For K > a. small dyadic number, define as in Lemma [2741 and let := 1 — P^. 
For every J, k, we consider a^' ''^ the solution of the linear initial-value problem 

{zd, + A) af^- - E F'iufy/'^ = 0, '-(0) = (P^^ + P'^P<.-.)Ri. (6.31) 

l<a<A 

As before, the solution cr^'^''^ is well-defined on (—1,1) and ^ 1- Using 

(I6.26P we see that 

l<a<A 

For a G {1, . . . ,A} we estimate, using Lemma [2. 4[ Lemma [2.31 and the bounds in (16.150 
and IKWf . 

\\F\cof){e^'^PlRi)U^^,,^) < ||(u;r')lL?Ls=ll V " l^^'i^'^P'^^i^l W^l, 
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provided that J, k sufficiently large. Moreover 

provided that J, k sufficiently large. Independently, as in (16.61) and recalling f l6.25p 



K 



limsuplimsup ||e^*^(P,i + P^P<^-^)Ri\\zi-i,i) = 0. 

J—^+oo fe— s>+oo 

Consequently, we see that for every fixed k > 0, 

limsuplimsup ||cr^'^'''||2(_i,i) <g (6.32) 

J— )-|-oo fc— ^+00 

(III) It remains to prove that the solution f^'^''^ G X^(— 1, 1) of the initial- value problem 

{zd, + A) 4^'^- - J2 F'K'')fk''^ = 0' fk''^i^) = ■■= ^'(1 - P<^'^)Ri^ 

l<a<A 

(6.33) 



(6.35) 



satisfies, for k < k{6) sufficiently small and J > A 

limsup||/f'''|U(_i,i) <^. (6.34) 

For dyadic numbers 1 < M < we define 

PnMO ■= [vH^/N) - v'm/N)] [r/i(6/(2M)) - v\^i/M)] if M > 2, 

HPN,Mfm ■■= PNMOiJ'fm, PN,<a ■■= Yl 

l<M<min(7V,a) 

Given p G (0, 1] and dyadic numbers 1 < M < let 

c,,N,M := [( ) + (1 + P^iV)-i] , (6.36) 

where 6o G (0, 1/100] is the constant in (Q- For functions / G Xi(/), / C (-1, 1), and 
geH\Rx T3) let 



N>1 1<M<N 



N>1 1<M<N 



(6.37) 



//i(]RxT3) 



Clearly, for any p G (0, 1], 



p'"/'°ll/llxH/)<ll/llxi(/)^ll/II^H/)' 

P'^°^''°I|5'I|hi(KxT3) ^ ll5'lli?i(MxT3) ^ Ikll/^HlRxTS)- 



(6.38) 
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On the other hand, for any p G (0, 1] 

\\f\Wi)<\\f\\xi(iy (6.39) 
Indeed, using the Strichartz estimate ||-P/v a//|| rl9/5,f^ ^ N^^^^^^\\Pn MfWu^ n h^)i see 

(ESD, and the simple bound ||P^,a.//|U- (/) < M^/^N^/^\\PN,Mf\\ui{i,m), it follows that, 
for any dyadic numbers 1 < M < and any / G X^{I), I C (—1, 1), 

\\PN,Mf\\Lt4i) < iM/Ny/''^N~'/'\\P^,Mf\\ui(i,my (6-40) 

Therefore 



N>1 N>1 1<M<N 



N>1 KAKN N>1 KAKN 



4 

XI (7) ' 



which proves (16.391) . 

We will prove the following lemma: 

Lemma 6.5. Assume D > 1 is a dyadic number, 9 G (0,1] and fk G X^(— 1,1) is a 
solution of the linear equation 

{idt + A)fk- Yl F'{{P<DN^ - P<D-^N^)ujf)h = Q. (6.41) 

l<a<A 

Then, for p < pg^o sufficiently small, and k > kp sufficiently large 

ll/fc(0)||^i(KxT3)- (6.42) 

Assuming the lemma we can complete the proof of (16.341) . Indeed, the same argument 
as in step I, using the bound 

11(1 - P<RoN2 + P<r-'n;!W/\\x^{i) < 0, 
shows that if f^'^''^ G X^(— 1, 1) is the solution of the linear initial- value problem 

+ A) r/'^ - J2 F\iP<ReN^ - P<R-^N^)<'')T/^'' = 0, = R 

l<a<A 

then 

for k large enough. In view of Lemma 16. 5[ setting k = p^^ 

for k large enough and some 5' > 0. The desired bound (I6.34p follows from (I6.39p . 
Therefore it remains to prove Lemma [6.51 



J,K 

k ' 
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Proof of Lemma lUTSi Given an interval / C (—1,1), G /, let 



l\Kt-s)^f(^s)ds 

J a 



The standard argument of dividing an interval into sufficiently many small intervals and 
the fungibility of the norm Z shows that it suffices to prove that there is po = Po{^,D) 
sufficiently small such that if/C(— 1,1),0g/, and 

UP<DN^ - P<D~iN^)uJk'''\\z(i) < Po (6.43) 

l<a<A 

then 

for any p G {0,po], a G {1,...,A}, f G and k > kp sufficiently large. Letting 

'^fc.D •= {P<DN^ — P<D-^N^)^k'^ and recalling the definition F'{uj'^'Jj)f = 2u'^'Jju'^'^f + 
(cj^'^)^/, it suffices to prove that 



IK'XJ/b.c.) + llK'?>)Vb^(,) < l/(10A)l|/b.(,) (6.44) 

for any p < Pq, a E {1, . . . , A}, f G X^{I), and k > kp sufficiently large. 
We will need a refinement of the bound ( 13. 2p , namely 



|-P/Vi,AfiWi ■ -PAr2,<M2'W2||L2(RxT3x/) 

V2 1 xM2 Ml iW2 (6.45) 
-iVT + N-Jlf.N^TMll \\PN,M.MY'Ki)\\PN.MM\Y'^ii) 

for any dyadic numbers A^i, A^'z, Mi, Ms, 1 < Mi < A^i, 1 < Ms < N2, N2 < N^. This 
follows from the bound (13.21) and the simpler bound 

||-Pc-P/Vi,MiWi-P/V2,<M2'^^2||l2(RxT3x/) < \\PcPni,MiUi ||l4 ||-P/V2,<Af2'"2||L4 

< N',/\M,/{N2 + M^)y/''\\PcPN„AH^l\\uiiI,L'') ■ ll^iV2,<M2W2||L4 ^^'^^^ 

for any cube C of size N2 centered at some ^0 ^ '^^^ see (I6.40p . 
To prove (I6.44p we analyze two cases. 

Case 1. = 1 for all k. In this case ojf^'i) — P<DN"'^k' • view of the definition 

mB, \\P<p-^f\\xHi) ^ WfWxmr Using LemmaOand 



|kfc,'£)^fc,D^<a-2/||jv(/) + \\i^t,DfP<a-^f\\N{I) ^^,9 Pq^^ || P<p-2 / <D,e \\J \\x}{iy 

To estimate the contribution of P>a~'^f 1 by examining Fourier supports we notice that 



Pn.M [Wfc,D^fc,D ■ P>a-^f] - Pn,M [^t'^D^t!D ■ ( X] P>a--^PN',M'f)]- 
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Therefore, by definition and Lemma I3l2] 



,B a,9 D p\\2 \ ^ \ ^ 2 no f afi o^fi r> J:^ 

D^k,D ■ ^>a-^j\\ NJI) ^ 1^ 1^ C^,iV,M II ^-/V.Af K.ij'^fc.D " ^>a-2/J 



2 

|7V(/) 



N>\ KA'KN 



N>1 1<AI<N N'^nN, M'^o^I 



2 II a,y a,( 



^L>,e ^ ^ PoCp^Ar',Af'll-P>a-2PAr',Af'/|lxi(/) 
Ar'>l l<M'<Af' 

^L>,e Po||-P>Q:-2/||jfi(j)- 



The bound on -P<a-2/||^ is similar, and fl6.44p follows in this case. 

Case 2. limfc_^+oo^fc = +oo. By letting k large enough, in this case we may always 
assume that A''^ > p^^. We estimate first the contribution of -P>2ioi:)Ar^/- By examining 
Fourier supports, we notice that 

Pn,M [^t^D^k'!D ■ -P>2iODAr-/] = Pn,M [^t^D^t'^D ' ( X] P>2^°DN^Pn' ,M' f)] 



N'^NM'r^M 



if M > 2^DN^, and 



P, r oi,9 a,9 Tj -C^ 

= Pn,<2'^dn^ [^k'D^k',D • ( -P: 



>2iODAr^-PAf',<2WDAf°/)] • 



Estimating as in Case 1, it follows that 



PN,M[^k',D^k',D - Py^^ODN^f] 

N>1 M>2^DN^ 



(6.47) 



(6.48) 



Using [13, Proposition 2.10] and the estimates flOKl) and f lOHl) . for N' > f'DN^ and 
/' := P>2^0Di^af 

II «,6 a, 6 71 i"/|| ^ / a,9 a,9 r-, £/ j jj. 

\\^k'D^k,DPN',M'f ~ / ^0(^k'D^k,DPN',M'f dxdt 

||nolly-i(7)=l JRxT^xI 

~ ^'ll^fc.D ■ -Pw',A/'/'||l2(]RxT3x/) sup \\{P<8N' ~ P<N' /8)tJ-0 ■ ^t,D\\L^i^xT^x I) (6.49) 

Il"0||y0(/) = 1 



< 



D,e Po 



+ 



M' 



So/2 



-Pa",M'/'||x1(/)- 



Using fl6.49p and the definition of Cp^N',M' (16.361) . in particular 



1 x-5o/4 



if 1< M' < 2^"Dm < N' 
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it follows that 



na,e-^p f,n < n ( ^ M'°^'llP f'll 

2^ \\^k,D^k,D^N',M'J \\n(I) ^Dfi P0\J^ + iV^y " "^p(^)' 

l<M'<2iODAr? '" 



'ft 



Therefore, using also f l6.47p . 



ATM 



Combining with f l6.48p . we derive the desired bound 

W^ki^k'o ■ ^>2ioDiv-/|liVp(/) ^D,e Po^WfWxy (6.50) 

To bound the contribution of -P<2ioDAf^; we use [131 Proposition 2.10], the assumption 
( I6.43p . and the description f l6.16p 

\\^k,D^k,DP<2^<'DN^f\\j^,j)< sup / UoUjl'^^Ujl'^j^P<2WDN^f dxdt 

||M0||y-l(j) = l JRxT3x/ 

~ ll^fe'r) ■ -P<2iODAf|;'/l|L2{RxT3x/) SUp || -P<220DAr^Mo ■ W^^'^ || L2(irxT3 x/) 

ll«o|ly-i{/)=l 



The main bound fl6.44p for the term ^jJ^'D^t'of follows, by combining with (16. 50 p . The 
estimate on the other term is similar, which completes the proof of the lemma. □ 

7. Proof of Proposition 12.11 

The main ingredient in the proof of Proposition 12.11 is the following distributional 
inequality: 

Lemma 7.1. Assume > 18/5, N > 1, \ e [N(^po-<i)/(po--2) ||m||i2(Kxz3) < 1, 
and m{^) = for \C,\ > N, then 

{{x,t) G M X X [-2-1°, 2-1°] : [ m(Oe-^*l^l'e^^ « > A} < A^2po-6^-po_ (71) 

jRxZa 

It is not hard to see that Proposition 12.11 follows from Lemma 17.11 
Proof of Proposition \2.1\ Letting 

F{x,t) ■= [ m(Oe-'*l«l'e'"-«cie, 

where m is as in Lemma 17. H it suffices to prove that if p > pi and > 1 then 

||l[-2-io,2-io](t) ■ -F||lp(Rxt3xR) A^2"*^/p. (7.2) 
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We may assume p G {pi, 4] and ^ 1 . Then 

||l[-2-io,2-io](t) ■ ^|lip(iKxT3xIR) 

< 2P'|{(x,t) G M X X [-2"i°,2-i°] : > 2'}|. 

2!<2iOAr2 

If 2' > Ar(2po-6)/(po-2)^ g (18/5, p), we use the distributional inequahty (EI]). If 2' < 
jV(2po-6)/(po-2) ^j^g simple bound 

22'|{(x,t) G M X X [-2-10,2-10] : |F(x,t)| > 2'}| < ||F||i.(^,Tr3xi,) < 1. 
Therefore 

||l[_2-io,2-iO](t) ■ ^IIlp(MxT3xK) 

< 2^^-^)' + 2^' ■ jY2po-62-po/ 

which gives (17. 2p . □ 

We prove Lemma [7. II by adapting the arguments of Bourgain [1, Section 3]. The proof 
we present here is self-contained, with the exception of the bounds (I7.5p . (I7.6p . and (17. 12^ - 
(I7.13p . Let Zg := {0, . . . ,q — 1}. We start with a lemma: 

Lemma 7.2. Assume > 0, Q,M e Z\, M > 8Q, S C {1, . . . ,Q}, and r] : R ^ [0, 1] 

is a smooth function supported in [—2, 2]. Then, for any t G M, 

viMQit - a/q)) = 5^(A.fg)-i7^(27rm/(MQ))c„e2™*, (7.3) 

anc? i/ie coefficients Cm have the properties 

Cm= Yl sup|c^|<4Q2, K\<C,d{m,Q)Q'+\ (7.4) 

where d{m,Q) denotes the number of divisors of m less than or equal to Q. 
Proof of Lemma \7.^ We have 



f ^-2nimt J2 r]{MQ{t-a/q))dt 

° q£S,a&{a,q) = l 

V / e-^'''"''r]{MQ{t-a/q))dt 



geS, a€Zq, {a,q)=l 

{MQ)-'r]{27rm/{MQ)) ^ g-2.^m.a/5^ 



(/e5, aGZq, {a,q)=l 
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for any m G Z. The first inequality in f l7.4p is clear. To prove the second inequality we 
may assume Q > 100 and it suffice to prove that for any m G Z 



El E 



-2TTim-a/q 



(J=l agZg, (a,<j)=l 

This is proved in [U Lemma 3.33]. 



< C^d{m, Q)Q 



1+7 



(7.5) 



□ 



We will also need the estimate in [U Lemma 3.47]: for any 7, S > there is C^,b > 1 
such that 

\{m G {0,...,P} : d(m,Q) > D}\ < b{D-^Q^ P + Q^) for any P,Q,De Z;. 

(7.6) 

We turn now to the proof of Lemma 17.11 The implicit constants may all depend on the 
value of pq. We may assume that N ^ 1 and consider the kernel : M x x R ^ C, 



4 

j=2 



Let 



(7.7) 



:= {{x,t) G R X X [-2-i°,2-i°i 



XZ3 



m(Oe-^*l«l'e^^-«rf^ > A} 



and fix a function / : R x x [-2-^°, 2-^°] C such that 

I/I < 

and 



(7i 



A|5aI < 



xT^xR 



XZ3 



m(Oe-'*l«l'e"-«de 



Using the assumptions on m we estimate the right-hand side of the inequality above by 



xT3xI 



^1 



Thus 



A2|SJ2< 



xT^xR JRxTSxR 



/(x, t)f{y, s)KN{t — s,x — y) dtdxdsdy. (7.9) 
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Using Lemma [7.31 below, we estimate 

/ / f{x,t)f{y,s)KN{t — s,x — y)dtdxdsdy 

< y2 \ / f{x,t)f{y,s)K'^^{t- s,x -y)dtdxdsdy 

/iG{l 2 3} "^RxT^xK -'MxT3xM 

Using (Q it follows that 

\Sx\ < iV2P0-6^-P0 + (Ar2P0-6^-P0)(r-l)/r-|^^|l/r^ 

which easily gives (17. ip . 

Therefore it remains to prove the following lemma: 

Lemma 7.3. Assuming A G [Ar(2po-6)/(po-2)^ 2i°A^2] 

as in LemmalTjl and r G [2, 4], there 

is a decomposition 

Km = K'/ + K^/ + K'/ 

such that 



l-^Af ||l°°(KxT3xIR) < A /2, 

|^^'||lo.(mxz3xm) < A2(iV2«'-6A-^'o), (7.10) 
|^'||l^(MxZ3xR) < A2(iV2^'o-6A-Po)(-i)A. 



Proof of Lemma 7.3. In view of the definition fl7.7p . for any continuous function /i : M — )■ C 

and any r) G M x x M 

J^[Kjv(x, t) ■ /i(t)] t)= [ e-^^-«e-**"i^7v(a;, t) ■ dxdt 

= Cr/^(e/Ar) / h{t)r]\2h/{27r))e'''^^+\^\'Ut. 
Jr 

It is shown in [U Lemma 3.18] that 

if 

t/(27r) = a/g + /3, g G {1, . . . , iV}, a G Z, (a, g) = 1, |/^| < {Nqy\ (7.13) 
Therefore, for t as in fl7.13p . 

AT 

\KN{x,t)\ _ ^3/2^^ ^ iV|t/(27r) - a/g|i/2)3 ' i + iV|t/(27r)|i/2- ^^'^^^ 
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For j e Z we define ?7j, 77 > : M [0, 1], 

Clearly rjj is supported in the set {s G M : |s| G [2^-^^^ 2^-'+-'^] and rj>j is supported in the 
interval [— 2"-'"'"-'^, 2"-'"'"^]. Fix integers K^L^ 

KeZ^, iVG[2^+^2^+^), 

L G Z n [0, 2ir + 20], ^Po-2^6-2po g ^2^^ 2^+^). 

We start with the resolution 

K-l K~k 

fc=o i=o 

2fc+l_i 

^i+x+fc+io(s/(27r) - a/g) iij<K-k-l, (7.I6) 

5=2*= aeZ, (a,i})=l 

Pfc,x-fc(s) := ^ ^ r7>2i^+io(s/(27r) - a/g). 

5=2* agZ, (a,<j)=l 

Let = {{k,j) G {0, . . . , - 1} X {0, . . . , ir} : k + j < K}. In view of Dirichlet's 
lemma, we observe that 

if t G supp(e) satisfies (17131) then either iV < g or (iVg)"^ ^ \t/{2n) - a/q\. (7.17) 
We define the first component of the kernel K"^^, 

Kl%x,t) ■.= K^{x,t)-r^\2'^-'h/{2n)). (7.18) 
It follows from fTml) that 

||^||l°<>(Rxz3xM) < 2-^ < iv2po-6_x2-po^ (7.19) 

which agrees with (17.101) . 

Therefore we may assume that L > 45 and write 

L-41 

Kn{x, t) - K^^^ix, t)=J2 ^^(^' ■ Viit/{2n)). (7.20) 

1=4 

Using fTTTil) and (17X71) . for any (fc, j) G and / G [4, L - 41] n Z, 

sup |ir^(a;,t) ■ r^KV(2vr))pfc,,(t)| < 2'/'2^'^+'^y' , 



x,t 

sup |i^^(x,t) ■ viit/i2n))eit)\ < 2'/^2'''/\ 

x,t 



(7.21) 
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Notice that 2'/^2'^-^^/^ < (therefore the error term can be estimated in L°° in the physical 
space, which is the key restriction to make the proof work) provided that 

Po > 18/5. 

This is the main reason for the choice in (12.21) . 
We analyze two cases. 

Case 1: L <2K - SK, 6 = 1/100. In this case we set 
K'/{x,t) := Kr,{x,t) ■ [ J2 Vi{t/{2n))[e{t) + J] p,,,(t) + ^ Pk,jPk,o{t)] , 

l=A k,jeTK,2j<L k,jeTK,2j>L 

L-41 

K'/{x,t) := K'^^{x,t) + KN{x,t) ■ [ Vi{t/{2n))[ (Pfc,, W " Pfc,,PMW)]] , 

1=4. k,j&TK,2j>L 

K'/{x,t) :=0, 

(7.22) 

where Kf^\ is defined as in (I7.18P and 

Pk,, := 2-^ if J < if - A; - 1 and pk,K-k ■= 2"^+^+^ (7.23) 

The coefficients pkj are chosen to achieve a cancellation (see (17.251) and (I7.26P below). In 
view of dm]) and (1I20D, Kj^ = K'/ + K'/ + K'/. It remains to prove the bounds in 

(jnu]). 

The bound on if^^ is trivial. Using ([72ID, for any (x,t) G x R x M 



\K'/{x,t)\ < J2 \KM{x,t)-vi{t/{27T))e{t)\ 



l=A 
L-41 



+ E E \KN{x,t) ■ r]i{t/{27r))pk,M 

1=4 k,jeTK,2j<L 
L-41 

+ Y1 Yl \KN{x,t)-r]i{t/{2n))pkjPk,o{t)\ 

1=4 k,jeTK,2j>L 

< 2L/223K/2 _|_ ^2-^/223^72+3^/4 _|_ ^2^/'^2^^^'^ 

< K2'^L-2K){5po-l&)/{4po-?>) . 22i/(po-2)2X(4po-12)/(po-2)_ 

Recall that {2K -L)>6K,N:^ 1, and po > 18/5. Since ^ 22^/(Po-2)2i^(4po-i2)/(po-2) 
(see dmSD) the desired bound |if^^(x,t)| < AV2 follows. 
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To prove the bound f l7.10p on the kernel K"^^ we use f l7.19p and the identity (17. lip . Let 
Vl{s) ■= J2i=4^ Vii^) = f]^i2^s) — r]^{2^~'^^s). It remains to prove that for any 6 e M 

I /^L(t)(Pfc,,(27rt)-pfc,,pfc,o(27rt))V(2^t)e-**''rft| <2-^. (7.24) 

Using Lemma [7.21 and the definition (I7.16p . we write, for k,j G T^, 
Pk,j{27rt) - PfcjPfc,o(27rt) 

(7.25) 

if j < K — k — 1, and 

Pfc,i^-fc(27rt) - Pfc,E--fcPfc,o(27rt) 

= Y c-^'""* [2-2^-1 V(2vrm/22^+i°) - pk,K-k2^''"'''%{27rm/2''+''+'^)] , (7-26) 
where 

2fe+l_i 
q=2*= aeZg,{a,g)=l 

In view of the definition f l7.23p and the inequality (17. 5p . for any {k,j) G Tk 



&0 = 0, \bm\ < a,d{m, 2'=+1)2'=(i+t)2--''-^-^(1 + |m|/2^+'=)-i°, 7 > 0. 
Since (i(m, Q) < C^|m|'^, 7 > 0, for any (m, Q) G Z* x Z^, it follows that 

l&ml < C^2^(-''+^+'=)2--''-^ for any m G Z. 

Thus 

?jLmpk,ji2nt) - p,jp,,oi27rt))r]\2H)e~'''' dt\ < / ?iLit)r]\2H)e-''^'-'^"'Ut 

< C^2'^^-^'^^'^''^2~-'~^ 

The desired bound (I7.24p follows if 7 is chosen sufficiently small, for example 7 = 5/100. 
Case 2: L > 2K - 6K, 6 = 1/100. For 6 G Z+ sufficiently large, we set 

L-41 

K'/{x,t) := ir^(x,t) ■ [ Y Viit/{2TT))[e{t) + Yl Pkjit)]]- (7-28 

1=4 kj£TK,2j<L-b 
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Using the bounds ([721]), for any (x, t) G M x x M 

\Kl}\x,t)\ 

L-Al L-Al 

< J2 \KN{x,t) ■ r]i{t/{27r))e{t)\ + ^ sup iK^ix^t) ■ r/z(t/(27r)K,(t)| 



k,j€TK,2j<L-b 

< 2L/223K/2 _|_ 2i/223-ft'/2+3L/42-3f)/4 

< 2-3b/42('f^-2^)(5po-18)/(4po-8) . 22i/(P()-2)2A'(4po-12)/(po-2) 

Since ^ 22^/(po-2)2^(^p«-i2)/(po-2)^ follows that \Kl}^{x,t)\ < \^/2 provided that b is 
fixed sufficiently large. 

Let (see fl7:T6|) and dZ^Q])) 

L-41 

L7v(x, t) := Kn{x, t) - Kf^^^{x, t) - K]^^{x, t) = ^ Kn{x, t) ■ r]i{t)pk,j{t). 

1=4 k,jeTK,2j>L-b 



For fl7.10l) it remains to prove that one can decompose 



(7.29) 



As before, let r7L(s) := Yld=A^ = ''7"'^(2'^s) — 7]^{2^ "^^s). In view of the formula 

dnn) 

L;(e, r) = C ^'(^/^) / ^L(t)r7^(2^tK,,(27rt)e-2-*(-+l«l') cit. (7.30) 



k,j&TK,2j>L-b 



The cardinality of the set T^^^l := {k,j e Tk : 2j > L-6} is bounded by C(l + |2ir-L|)2. 
Letting : M ^ C, 

/fc,,(/i):= / VL{t)v\^''t)pk,,{27ct)e-'-''^dt, (7.31) 



it suffices to prove that for any {k,j) G T^^l one can decompose 

ll/.',IU^(M)< 2-^(1 + |2ir-L|)-^ (7.32) 
ll/J,IU^(M) < (A/iV2)^/^'2-^(^-i)A'(l + m - L\)-'. 
As in ( I7.24P and fl7.25p . using Lemma [7. 2[ we write 



Pk,,{2nt) = 5^c^e2™*2-^-^-'=-iV(27rm/2-'- 
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where Cm are as in (17.271) and x ^ {Vo^ V^}- Letting ql : M. ^ C, 

9L{y) ■■= [ ^L{t)r,\2H)e~^^^"' dt, (7.33) 

it follows from (I7.3ip that 

hM = 2-^-^-^-10 adf^ - H ■ c™x(27rm/2^+^+'=+i°). (7.34) 

We define 

Uj^^f^^. = {meZ:\m\< 2^+^+^^ and d{m,2''+') > 2(2^-^)/^}, 
/,2,(/i)=2-^-^'-'=-io J2 ^7L(/i-m)-c„x(27rm/2W'c+iO)^ 

m(^UN,k.j (7-35) 
A3,(/i)=2-^-^-'=-i° 5^ ^7L(/i-m)-c„x(27rm/2Wfc+iO)_ 

Clearly /^j = f^j + fl -. Using the inequalities in (I7.4p 

if m ^ f/^,,, then |c^x(27rm/2^+^+^+i°)| < 2^^K-L)/.^iimo _ 
In view of the definition (I7.33p . 

/ sv.^\gL{v + y)\dv<l. (7.36) 

JR |y|<l 

Therefore, if (A;, j) e Tf^,L (in particular j > L/2 - b/2 and k < K - L/2 + 6/2) 

which suffices to prove the first inequality in (17.320 . 
Since \c^\<2'^'', 

Using (I7.36P it follows that 

Therefore, the last inequality in (I7.32p is a consequence of the bound 

|f/^,fcj <22^2-i°(2i^-^). (7.37) 
On the other hand, using the bound (17. 6p with 

it follows that 

|f/jv,fcj| < 2^^2-20(2^-^) + 2^0(2/^-^). 
The bound fl7:37p follows since 2K-L<5K,5 = 1/100. □ 
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